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ABSTRACT 

This fourth part of a four-part series of hydrology papers on flood routing 

through storm drains presents computer-oriented numerical methods for solvi ng the two 

quasi-linear hyperbolic partial differential equations known as the De Saint-Venant 

equations of gradually varied free-surface unsteady flow. Formulation and description 

of various finite-difference schemes based on explicit methods include the "~.mstable", 

diffusing, upstream differencing, leap frog , and Lax-Wendroff schemes. Stability and 

convergence are examined for these va=ious schemes of the explicit method. Using 

various criteria of comparison, the specified intervals scheme of the method of 

characteristics, the Lax-Wendroff scheme, and the diffusing scheme are compared. Of 

the above explicit schemes in using the finite-difference ratios in the two partial 

differential equations, it is found that the Lax-Wendroff scheme with the second-

order interpolation for dependent variables is the most accurate stable scheme. 

The specified intervals scheme of the method of characteristics, using either the 

first-order or second-order interpolations for the dependent variables, is also 

discussed. It is concluded that this scheme , based on the method of characteristics and 

using the second-order interpolations , is the most accurate numerical integration scheme 

of all those studied. Flow charts, computer programs , variable conversion tables, 

and sample inputs and outputs, for the three numerical computer schemes, the diffusing 

scheme, the Lax-Wendroff scheme, and the specified intervals scheme of the method of 

characteri'stics, used in the solution of the De Saint-Venant equations, are given in 

appendices 1 through 3. 

vi 



FLOOD R01Jl'ING THROUGH srORM DRAINS 

Part IV 

NUMERI CAL COMP1JI'ER METHODS OF SOL1JI'ION 

by 

V. Yevjevich* and A. H. Barnes** 

Chapter 1 

INTRODUCTION 

1.1 General Classification of Partial Differential 
Equat10ns 

Partial differential equations of physical pro­
cesses fall within one of three forms, depending on 
the character of t he coefficients of t he part ial 
derivatives. The equations expressing the one­
dimensional gradually varied free-surface unsteady 
flow result in what is termed the hyperbolic form of 
partial differential equations. These equations are 
characterized by the initial conditi ons of the 
dependent variables being known, given, or independ­
ently evaluated at all distance positions for the 
time selected as zero, the boundary conditions being 
independently establ ished at two distance l ocations, 
and the process being continued indefinitely in time 
within the established boundary conditions. As time 
increases, the effect of the initial conditions be­
comes less influential as the boundary conditions 
dominate the process. 

The hyperbolic partial differential equations 
contrast the elliptic differential equations in which 
the process is not time dependent. In this case the 
initial conditions are the boundary condi tions and 
are independent of time. A typical process described 
by this form is a two-dimensional temperature distri­
bution in a thin plate with proscribed boundary con­
ditions along the edges. 

The third type of partial differential equations 
are parabol ic equations, with the solution require­
ments being similar to the hyperbolic form. The 
simplest parabolic equation is the one-dimension 
heat-flow equation. 

In subsequent text only the hyperbolic partial 
differential equation for gradually varied free­
surface unsteady flow are di scussed. 

1.2 Continuity and Momentum Equations of Unsteady 
Flow 

The two basic quasi-linear hyperbolic parti al 
differential equations of gradually varied free- surface 
unsteady flow are derived in Chapter 3, Part I, Hydro­
logy Paper No. 43 , as Eqs. 3.23 and 3.19, and are 
reproduced here in their final dimensionless forms. 
The continuity equation is 

A 3V ay + 1 av o 
VB ax + ax v at = ~ (1.1) 

and the momentum equation is 

av av +! av + 
g ax g at 

in which 

A the cross- section area, 

(1.2) 

V • the mean cross- section velocity as a dependent 
variable, 

y the water depth in the conduit as a dependent 
variable, 

x ~ the length along the conduit as an independent 
variable, 

t • the time as an independent variable , 
B = the water surface width, 
a : the energy velocity distribution coefficient, 
a • the momentum velocity distribution coefficient, 
g the gravitational acceleration , 
S0 the slope of the conduit invert, 
Sf • the ener~ 2radient, and 
q the distributed lateral inflow (or outflow) as 

discharge per unit length of the conduit. 

The energy gradient, measuring the energy head 
loss along the conduit , is expressed in this study 
by the Darcy-Weisbach equation in the form 

(1. 3) 

i n whi ch f is tho Darcy-Weisbach friction factor, 
R is the hydraulic radius of a partially full conduit, 
wi th R = A/P, and P is the wetted perimeter. 

The friction factor (f) is expressed as a 
function of Reynol ds number, Re • VRfv, with v 
the kinematic viscosity of the water . 

Equations 1 .1 and 1 . 2 generally give the closest 
approximations of the actual flood movement t hrough 
channels and conduits, if the basic conditions for 
applying the two equations are approximately satisfied. 
The most important condition is that of gradual vari­
ability of the flood hydrograph; this condition is 
nearly always fulfilled for storm floods entering 
into and moving along storm drains. 

• Professor-In-Charge of Hydrology and Water Resources Program , Dept. of Civil Engineering, Color ado State 
University. 

** Associate Profes sor of Civil Engineering, Colorado State University. 



1.3 Methods of Sol~ing Equations of Unsteady Flow 

All methods available in literature for solving 
Eqs. 1.1 and 1.2 may be grouped into analytical, 
graphical , and numerical procedures. The numerical 
procedures depend on t he computational devices avail­
able. 

Analytical solutions. The partial differential 
equations 1.1 and 1.2 have a friction slope , Sf, 
proportional to the square of the velocity or to the 
square of the discharge. Because their coefficients 
are functions of dependent variables (V, y), they 
are non- linear differential equati ons of the hyper­
bolic type. Because of the inherent mathematical 
difficulties of these non- l inear and non-homogeneous 
equations, there is no way to carry out t he analytical 
integration in closed form, unless many simplifications 
are introduced. 

The classical approach, f irst performed by De 
Saint-Venant , neglects friction resistance and as sumes 
the channel to be horizontal with wide rectangular 
cross sections. These assumptions deviate so much 
from the reality of flood-wave movement in channels 
and conduits that the wave characteristics resulting 
from analytical i ntegrat ion are generally not 
comparable with true wave characteristics . This 
classical approach by means of analytical integration 
is an extreme; it may be considered to be a rough 
approximation, and, in accuracy, can be compared with 
some of the very simple integr ation procedures of 
flood routing that are based on the water storage 
ordinary di fferent ial equation . 

The use of anal ytical integration makes it neces­
sary to approximate and si mplify both the initial con­
ditions and the boundary conditions by analytical ex­
pressions , which are used in Eqs . 1.1 and 1. 2. The 
infl ow hydrograph as the boundary conditi on, and the 
wave profile along the conduit, as the initial condi­
t ion, must be mathematically approximated by consider­
ing them to be either symmetrical or asymmetrical 
waves, with functions of bell-shaped curves (gamma­
funct ions, and others). The channel condi t ions may be 

· represented by the cross section area or width as 
functions of water depth and distance al ong the conduit, 
with a roughness coefficient usually a constant, and 
the bottom slope being either a constant or a function 
of distance. The lateral inflow and outflow are taken 
as constant or are approximated by simple functions of 
channel and l at eral flow characteristics , and of time. 

The great diversity in shape and roughness of 
natural channels , free-surface flow conditions and 
the complexit y of the pattern of the lateral in­
flows and outflows tend to complicate the analytical 
expressions that approximate these conditions to the 
extent t hat the anal yt ical integration of the two 
partial differential equations becomes impossible. 
In summary, the two partial differential equations 
for unsteady flow can be integrated analytically, with 
expressions for wave evolution, by rather restrictive 
and very simplifying conditions, which generally are 
not acceptable for the solution of current practical 
problems. 

For some discussions and abstracted references 
about the analytical solutions of simplified conditions 
for flood routing through conduits and channels, as 
well as of graphical and numerical solutions, see the 
"Bibliography and Discussi on of Flood-Routing Methods 

' and Unsteady Flow i n Channels" [1) * , and the general 
reference list i n Appendix 2 of Hydrology Paper No. 
43 (Part I of this series of four papers) . 

Graphical solutions. The graphical solutions of 
equat ions for free-surface unsteady flow may be 
characterized by the following procedure . The celerity 
of the disturbance in the distance-ti me reference plane, 
(x ,t) -plane, is computed from the simplified wave 
rel ation 

dx r= 
Ot • V ± ¥gy* (1.4) 

in which V is the mean velocit y of flow, y. is the 
hydraulic depth (A/B) in any cross- sectional shape, 
and g i s the gravitational acceleration. 

The term C = Iii': is usually referred to as the 
celerity of a small disturbance moving__jn a quiescent 
water of a channel . The terms V + Iii: and V -
;gy; are called either the wave velocity [2, p. 540) , 
or the celerity of a small disturbance in the moving 
fluid [1, p. 10). This latter term will be used in 
this paper when Eq. 1. 4 is discussed or used . If the 
first derivative, dt/dx, i n the (x,t) -pl ane 
is used as the measure of the celerities of distur­
bances in the moving water, then the inverse of Eq. 
1.4 should be used as 

dt 1 
dx .. 

v ± lfi. 
(1. 5) 

In case of the circular conduit i n whi ch flood waves 
move with gradually varied free-surface flow, y* 
should be replaced by y., = f(y) , a function of water 
depth. 

In the discussion to fol low the two directions 
of Eq . 1.5 will be referred to as the characteristic 
directions, which are first derivatives of character­
istic curves, defined in Chapter 3, Part I, Hydrology 
Paper No. 43. Along the characteristic curves , the 
wave phenomenon may be expressed by the two ordinary 
differ ential equations with two dependent variables 
as unknowns. Thus, starting from the known values 
of the dependent variables (V and y) at two 
locations in time (t) and position (x), the 
direction of the characteristics may be graphically 
plotted. From these plots , the location of the inter­
sections in time and position can be determined . With 
the known time (t) and position (x) a finite 
difference solution to the two ordinary differential 
equations gives the corresponding dependent variables 
(V and y). Repeating the procedure, the integration 
proceeds along the time scale for t he given length of 
channel or conduit. 

This procedure has been used extensively by 
Parmakian in his book on watcrhammer anal ysis [3). 
Akers and Harrison pr esented a similar anal ysis for 
free-surface unsteady flow i n a circular channel 
in their paper on attenuation of flood waves in 
partially full pipes, [ 4) . 

The limitations of graphical procedures are 
immediately evident when one considers the effect of 

*[ ) Reference numbers refer to the list of references at the end of this paper . 
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various parameters, initial and boundary conditions, 
i n a given problem. Thus the graphical solution has 
limited appl ication at present because of the labor 
involved, except perhaps for the visualization of 
the digital computer schemes and the results to be 
present ed. 

Numerical solutions . Various numerical procedures 
have been used in the past . The excessive number of 
calculations in order to progress the solution in 
time, however, has limited the application of these 
solutions. 

The two partial differenti al equations , 1.1 and 
1. 2, are usually approximated by the two finite~ 
differences equations, replacing the increments 
(dx, dt, dV, dy) by the finite differences (6x, 
6t, 6V, 6y) . At the same time the partial derivatives 
are replaced by ratios of finite differences: dV/dX 
by 6V/6x, av/at by 6V/6t , ay/ ax by 6y/6x, and 
ay/ot by 6y/6t. With 6x and 6t given, 6V 
and 6y are changes of dependent variables which 
occur for these finite differences. 

The basic characterist ics of the above finit e­
difference approximations are: (1) the accuracy de­
pends on the size and relation of finite differences 
6t and 6x ; (2) the smaller the 6x, t he more 
involved the computation work, but a l so the greater 
t he accuracy may be , and (3) the values of dependent 
var iables computed for the end of a 6t become the 
initial values for the next 6t. 

With the development of electronic computers , 
which provide fast and relatively inexpensive com­
putations, t he past drawbacks in economy of performing 
the operations of the finite-differences method of 
integration are largely eliminated. The method is 
highly favor ed inasmuch as it is the most accurate of 
all practical methods of flood routing in channels 
and condui t s . The advent of new numerical schemes 
helped t his progress in the use of numerical methods 
of solution by digital computers . 

The results of integration are given for two 
dependent variables as functions V = F (x, t) and 
y = F

2
(x, t). These t wo functions repre!ent surfaces 

in t he space (V, x, t) and (y, x, t). If there is 
any discontinuity i n the four partial derivatives of 
Eqs . 1. .1 and 1. 2 , these discontinuities propagate along 
the channel, and the projection of the position of 
discontinuities at surfaces F and F in the 
(x, t)-plane produces lines thlt ar e catied "character­
i stics" , or "character istic lines". These lines are 
usually curves, but in applicat ion may be replaced 
by straight lines along the f i nit e differences 6x 
and 6t. 

The simplified characteristic l i nes are usually 
given i n the form 

dx (V ± .fgY.) dt, (1. 6) 

and 

(1.7) 

which are equivalent to Eqs . 1.1 and 1.2 . The 
hydraulic depth C y * l should be expressed as a function 
of y for the free-surface flow in circular conduits . 
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Equations 1.6 and 1.7 are usually numerically 

i ntegrated by replacing dx and dt with 6x and 
6t, and d (V ± 2 rgY,;") with 6 (V ± 2 rgY,;"). Several 
numerical procedures have been developed for these 
approximations in the finite-differences form. 

Certain features of the method of numerical 
int egration by characteristics are i mportant for 
applicability in practical cases in flood routing by 
finite differences: (1) the long wave is assumed to 
be composed of many elementary waves in the form of 
small surges so that for the t ime 6t and the reach 
6x, the velocity change , 6V, and height change, 
6y , are considered as discontinuiti es traveling 
wi th celerities V ± lgY. (providing only a rough 
approximation in the case of long f lood waves , where 
the fricti on forces are not negligible); (2) the 
straight~line character ist ics are used as approximations 
instead of curve-line characterist ics for 6x and 
6t, and (3) some complexity of procedure when 
friction factors, channel s l ope, sudden changes of 
cross section , bifurcations, junctions , and similar 
changes, are to be taken into consideration, 

With the advent of computers and new numerical 
schemes, numerical integration by finite differences 
of Eqs . 1 . 6 and 1.7 has become economical. The 
general applicabi lity of various electronic computers 
(analog, hybrid, digital) to the numerical integrat ion 
either of Eqs. 1.1 and 1.2, or of Eqs. 1.6 and 1 .7, 
is discussed i n t he next subchapter . 

Concluding remarks. All three methods -- analy­
tical, graphical , and numer ical -- by finite differ­
ences applied either to partial differenti al equations 
or to characteristic differential equations , when 
applicab l e , give sufficiently accurate results if 
the methods are extended to thei r limits of accuracy. 
These methods can be successfully applied to the 
analysis of particular waves that have been observed. 
The practical prediction of wave movement, however, 
requires a considerable amount of work, especially 
when the net work of drains is complex. 

The mathematical difficulties of analytical inte~ 
gration of the two partial differential equations, the 
need for a large amount of data for the graphical 
methods, t he accompanying drawbacks of time-consuming 
procedures and the cost in applying the approximate 
methods of numerical integration have provided in­
centive for developing simpler, but generally less 
accurate, flood-routing methods [1] . Since the objec­
t ive of this study is to produce research results that 
lead to practical methods in using complete Eqs . 1. 1 
and 1.2, or Eqs. 1. 6 and 1.7, i n routing flood hydr o­
graphs through storm drains, t he only accept abl e inte­
gration methods from both economic and accuracy stand­
poi nts are numerical methods by finite differences and 
the use of electronic computers . This paper is, ther e­
fore , concerned only with these latter methods . 

1.4 Computer Oriented Numerical Solutions 

The obvious conclusion to the dilemma of excessive 
repet iti ve cal culations and the l imit of manual com­
putations is the use of electronic computers. Three 
possibilit ies exist for the solution of the problem 
equations. 

One type of computer i s the analog computer i n 
which the mathematical functions are simulated by 
suitable amplifiers, potentiometers or other el ectronic 
elements. The combination of these el ements simulate 
the mathematical equations of the physical phenomenon. 



This technique is particularly desirable for a 
physical system with fixed parameters and repetitive 
operations . This analog system permits an evaluation 
of the effect of variations in boundary conditions. 
A disadvantage of the analog solution would be the 
problems of generating the geometric and hydraulic 
parameters at each stage in the comput ations . 

The hybrid electronic computer permits continuous 
evaluation of the differential equations by analog 
and evaluates the required parameters by digital 
computation. Th~, a continuous solution can be 
obtained with the geometric and hydraulic parameters 
evaluated by direct computation. The availability of 
such computers is still limited, but hybrid com­
puters may become the best computational device for 
unsteady flow. The programming is specialiled and 
not readily usable by most programmers. For these 
reasons the more conventional digital computer has 
been generally used and will be discussed exclusively 
in this paper. 

The digital computer presents the advantage of 
rapid arithmetical operations and a relatively simple 
and versatile programming capability. The basic 
limitation is that integration cannot be expressed as 
a continuous function as is done in the analog com­
puter. This requires that any integration of an 
equation or a set of equations be represented by a 
series of discrete elements. The approximation to 
the correct integration would be expected to improve 
as the sile of the discrete elements decreased and 
their number increased. This is an acceptable 
assumpti on for many integration processes. However, 
it cannot be assumed that it is correct for all cases. 
This is due to the effect of round-off and truncation 
errors within the computer. For this study it has been 
assumed that the functions to be integrated are "well 

behaved" and may be reasonably integrated by the 
assumption of discrete increments of the variables of 
integration. 

There are a large variety of numerical integra­
tion procedures available for the solution of the 
St-Venant partial differential equations of gradually 
varied free-surface unsteady flow. One method 
of categorilation of these basic procedures is to 
consider solutions depending on the two partial 
differential equations of 1.1 and 1.2 of the phenomenon; 
in the other method solutions depend on the ordinary 
differential equation forms, Eqs. 1.6 and 1.7, of the 
same equations. How the forms of the ordinary 
differential equations are derived from the partial 
differential equations is shown in Chapter 3 of Part 
I, Hydrology Paper No. 43. 

4 

1.5 Objectives of Studies Presented in this Paper 

The objectives of this paper are to present only 
the results of studies concerning the numerical solu­
tions by various finite-differences schemes, either 
for the case of the two partial differential equation~, 
1.1 and 1.2, or for the case of the four character­
istics equations , 1.6 and 1.7. Chapter 2 analyzes the 
applicability of various finite-difference schemes in 
the numerical solution of the two partial differential 
equations. Chapter 3 analyzes the various finite­
difference schemes in the numerical solution of the 
four characteristic equations. The applicability of 
various schemes is discussed at the end of each of 
these two chapters. Chapter 4 is a comparison of 
the best f i ni te-difference schemes in the case of 
numerical solution of partial differential equations 
and numerical solution of characteristic equations. 
Chapter 5 presents the conclusions and recommendations 
for further research. 



Chapter 2 

INTEGRATION OF PARTIAL DIFFERENTIAL 

EQUATIONS BY FINITE DIFFERENCES 

2.1 Finite-Difference Methods 

The finite-difference methods of numerical 
integration t o be discussed r efer to the partial 
differential equations of gradually varied free­
surface unsteady flow. Because these equations do not 
permit a closed analytical solution, approximate 
numerical methods of integration must be employed . 
Since all numerical integration methods are funda­
mentally finite-difference procedures some distinctions 
between various methods or schemes are app·ropriate. 

For this presentation, the term "finite-difference 
method" wi 11 refer to the approximation to the partial 
derivatives as the ratios of differences of finite 
values of the dependent variables at fixed uniform 
intervals . The ratios of finite differences will 
approach the partial derivatives as the intervals or 
differences become smaller. The basic definition of 
a partial derivative in x of a two-variabl e function , 
f(x , y ), is 

af(x, y) 
ax l i m [f(x + Ax, 1~ - f(x, y)] . (2 . 1) 

Ax .. o 

Using the right side of this equation, the partial 
derivative may be approximated as nearly accurate as 
desired by selecting a small difference ~x. 

For solving De Saint-Venant equations 1 . 1 and 1 .2 
di fference approximations are made as follows. Since 
there are two independent variables and two dependent 
variables, designation of the time-distance locations 
of t he variables will be based on the subscripts and 
superscripts of the variables. The subscript 14ill 
refer to t he distance (space) location , and the super­
script to t he time location as shown in Fig. 2.1. 

Time 

j +I 

i- I 

Distance Position x 

Fig. 2. 1. Definition graph for the fini~e-difference 
scheme. 
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Thus , the depth at distance location i and at time 
location j is designated as y~ . The four partial 
derivat ives of Eqs. 1 . 1 and 1. 2 ffiay be approximated by 

j j 
av _ vi+ I-vi 
ax-· j j 

xi+l-xi (2 . 2) 

av _ v~· 1-v~ 
l 1 rr- t~+l_t~ 
1 1 

(2.3) 

j j 
~- yi+l-yi 
ax j j 

xi+l- xi 
(2 .4) 

and 

(2.5) 

The unknown quantities in these expressions are 
generally the values at the incremental time locations, 

Vj+l j+l 
j +l. Thus i and yi are the unknown values. 

With the two equations of unsteady flow, these two 
unknowns may be solv~d for simultaneous ly. This 
procedure is referred to as an explicit scheme i n that 
the condit ions at a later t ime, j +l, are determined 
directly from .the conditions at the preceding time, j . 
Other explici t sc.hemes are presented in the next sub­
chapter. 

Another manner of expressing the partial deriva­
tives with respect t o the distance position is 

av _ 
vj+l - v~•l 

i+l 1 ax- · j +l j+l 
xi +l X. 

1 

(2 . 6) 

and 

j+l - j+l 
ely yi+l yi 
ax-- j+l j +l 

xi+l X. 
1 

(2 . 7) 

The partial derivatives in the case of Eqs. 2 . 6 
and 2 . 7 are described in t erms of the independent 
variable x along the incremental time l ocations. 
Therefore , there are four unknowns of V and y , at 
two distance locat ions at a given incremental time 
location. The two equations of unsteady f l ow at a 
given point i n time and distance are insufficient for 



the solution. However, if a system of simultaneous 
equations are developed for each point, there will be 
as many equations as the total number of unknowns. A 
simultaneous solution of this set then results in the 
desired solution. This scheme is referred to as the 
implicit solution since all solutions are directly 
interrelated. No attempt was made to use this method, 
however, because of the limits in solving equations for 
the dependent variables at an unlimited number of dis­
tance locations. 

A physical and, consequently, mathematical 
limitation to either an explicit or implicit scheme 
is imposed by the direction a disturbance travels in 
the time-distance reference plane. The directions 
of a disturbance are commonly referred to as the 
characteristic directions and are defined by Eq. 1. 5. 
The two expressions for dt/dx of Eq. 1.5 represent 
the two directions the disturbances propagate along. 

If one considers these directions as emanating 
from a single given point in the time-distance plane, 
where a disturbance occurred, the region x and t 
between these two directions is affected by the 
disturbance. This region is the "region of influence". 
If one considers the disturbances as having occurred 
at two different locations in the time-distance 
plane, two of the four directions will intersect. The 
region bounded by this intersection is the "domain of 
dependence." The dependent variables in this region 
are functions of all their previous values within this 
region. As a corollary, the values of dependent vari­
ables outside this region do not affect the values of 
V and y inside this region. 

Thus, the directions of the disturbance or 
characteristic directions in the (x, t) - plane 
divide the time-distance plane into a region wherein 
solutions from given conditions are possible, and a 
region in which solutions are theoretically impossible. 
It is necessary to consider this in any finite­
difference method of integrating the two partial 
differential equations. The general criterion to be 
applied is that 

dt -
dx • v ± 

(2.8) 

in which V and A/B are the average values for the 
specified finite differences, ax and 6t . The 
criteria of Eq. 2.8 is valid for all values of the 
dependent variables in the solution. The nearer the 
two points in the (x, t) - plane are, the more nearly 
the numerical solution will approach the true solution. 

2 . 2 Various Finite-Difference Schemes 

Equations 2.2 through 2.5 present the simplest 
approximation by the finite-difference expressions to 
the partial derivatives. A wide variety of schemes, 
usually more sophisticated than Eqs. 2 . 2 through 2. 5, 
have been developed by various authors to provide 
better accuracy and to maintain the stability of the 
solutions with minimum computational work . 

Richtmeyer (5] presented six s chemes with their 
corresponding truncation errors. These schemes are 
presented in Table 2.1. This table displays the com­
putational template of the (x, t) - plane, the 
approximation to the par~~al derivatives, and the order 
of the truncation error 0(6), due to the approximation 
where 6 is the symbol of increment, either ax or 
6t· 
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Substituting these a~proximations into the basic 
equations results in a pa1r of equations with t~o un­
knowns, velocity and depth, at the end of the time 
interval . 

The "unstable scheme" is inherentl y unstable. It 
is presented to demonstrate the simplest scheme, and 
to permit comparison of stable schemes with this basic 
scheme . 

The diffusing scheme is the simplest stable scheme. 
It offers two approaches for computation. One approach 
consists of the staggered scheme as presented in 
Tab~e 2.1. It uses known values of V and y at the 
i-1 and the i+l distance positions at time t to 
compute the dependent variables at the distant position 
i, at time t + at. This approach determines values 
at all locations defined by l+J equal an even 
number. The other approach is to advance one ax 
and thus compute the dependent variables at each 
intersection. This approximately doubles the com­
putational time but produces results at one-half the 
intervals of the first method. 

In order for the diffusing scheme to be st able, 
it is necessary that 

< I 1 I 
v ± .fiA1B 

be a condit ion throughout the computation . As the flow 
progresses into the super-critical range, this condi­
tion is less l ikel y to be fulfilled unless an 
arbitrary reduction in at is made. An additional 
limitation of this scheme is the assumed linearity of 
the dependent variables within the interval from 
i - 1 to i+l. 

The upstream differencing scheme is similar to the 
diffusing scheme. The computer programming, however, 
is somewhat more invol ved because of the necessity of 
deciding which representation of the distance deriva­
tive to use for each computation. For this reason 
this scheme ~~as not investigated in this study. 

The leap-frog scheme is an improvement over the 
diffusing scheme in that the time derivative is 
estimated from the computed values of the dependent 
variables at the t - 6t time position. The 
limitation of this procedure is similar to that of 
the diffusing scheme. An additional limitation is 
the required computer storage of computed values at 
three successive times as compared to two successive 
times for the other schemes. 

The previously described schemes all depend on an 
assumption of linearity between the time-distance 
junctions for the description of the partial deriva­
tives at the pivot point (i, j) .. A.n improvement to 
this assumption is to recognize the rate-of-change of 
the derivative as defined by the kn0111n values of the 
dependent variables at three points. The Lax-Wendroff 
method provides this recognition. The procedure is 
described in detail in a following subchapter. The 
consistent reproduction of initial conditions for a 
constant discharge, regardless of the curvature of the 
water surface, is the benefit derived from this 
method. 

The implicit scheme requires the solution of a 
system of simultaneous equations equal in number to 
the number of distance intervals plus one. Two of 
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these equations involve the boundary condit ions. This 
system was not used because of the number of equations 
that needed to be solved simultaneously, for an 
arbi~rarily l ong conduit. 

All but one of the above schemes are explicit. 
Two of the schemes, the diffusing scheme and the Lax­
Wnedroff scheme , are used in this study to solve the 
De Saint Venant equations. These solutions provide 
good accuracy and require only reasonable computer 
time. The diffusing and Lax-Wendroff schemes are 
summarized in the following two subchapters. 

2.3 Diffusing Scheme 

The diffusing scheme evolves from the following 
approximation to the partial derivatives ~ith respect 
to time. The schemes in Table 2.1 is the definition 
graph for the location of significant variables. It 
is assumed that tho dependent variables are known for 
all positions at time j. The dependent variable will 
be designated as U in this development, and it may 
refer either to the V or y dependent variables of 
the two partial differential equations. The objective 
is to represent tho partial derivatives as functions 
of the unknown dependent variable U at distance 
location i and time location j+l. The partial 
derivative of U with respect to t is approximated 
by 

(2. 9) 

in which 

in which ·" 

(2.15) 

so that 

(2 .16) 

It is to be noted that both partial derivatives are 
approximated for the location i , j. 

2.4 Lax-Wendroff Scheme 

The Lax- Wendroff finite difference scheme was 
investigated to eliminate some of the deficiencies of 
the diffusing scheme. The summary of the scheme is 
as follows. It is assumed that all functions are 
cont inuous and contain as many continuous derivatives 
as required. It is also assumed that products of 
first-order partial derivatives, and any derivative of 
Sf i n x and t are negligible quantities. 

The expressions aA = B ay and aA = B ily 
at at ax ax 

relate A, B, and y. Therefore, the equation of 
continuity reduces to 

!l. = A av v !l. 
at - 8 ax- ax (2.17) 

t.U. 
j +l • u. 

l l 
- u~ 

l 

The intended application of the Taylor series requires 
(2 .10) the use of second-order partial derivatives. Thus, 

Expressing u~ 
l 

as an average 

u~ u~+l + u~ 1 l-

l 2 
(2 . 11) 

then 

ul.l 
j 

6U . u?•l + ui-1 . -
l l 2 

(2 .12) 

and finally the finite difference approximation to this 
partial derivative is 

j j 

( ) 

u~•l _ ui+l + ui-1 
6U l 2 - . 
6 t i 6 t 

(2.18) 

and 

(2 .19) 

The momentum equation , 1.2, is rewritten here in 
the form 

av " ~ v av - .&. !l. - .&. (Sf - so), at - a ax a ax a (2.20) 

which gives then 

(2 . 21) 

2uf•l - u~+l - u{_l 
26t 

(2 .13) Hence, Eq. 2.18 becomes 

Similarly, the partial derivative with respect 
to the distance x is approximated by 

( ~~) . , (2. 14) or 

8 



~2 2 2 
d v (a l) AV il V (" A V2) a v 
~ .. a-• a~· tn • ~ (2. 22) 

Equation 2.20 then gives 

(2 . 23) 

Substituting Eqs . 2.19 and 2.21 into Eq. 2. 23 yields 

or 

Putting U as the symbol for any dependent 
variable V or y , then for any U(x , t) and a 
fixed x, a Taylor series expansion gives 

(2 . 24) 

U(t+lit) " U(t) • lit~u + (lit
2

)
2 32

u
2 

• O[(t~t)3] , (2 . 25) 
Qt at 

in which both au/at and a2utat2 ar e functions of 
t . Similarly, for a fixed t, 

•xau + ' lix'
2 

a
2
u + 3 U(x+lix) • U(x) + u ~ O[(lix) ] , (2.26) 

ilx 2 ax2 

and 

U(x-6x) '" U(x) - liX~ + ~ il2U- O[ (llx) 3]. 
ax 2 ax2 

(2.27) 

Subtr acting Eq. 2. 27 from Eq . 2 . 26 yields 

au • U(x+Ax) - U(x-lix) + O( (lix)3] 
ax 2lix (2. 28) 

Adding Eq. 2.27 and Eq. 2.26 yields the approximation 
of the second-order partial derivative of U with 
respect to x 

a2u. U(x+llx)- 2U(x) + U(x-lix) + O[(lix)4] . (2 . 29) 
ax2 - (lix) 2 

Substituting V and y for U, respectively, 
and using Eqs. 2.17, 2.20, 2.22, and 2.24 for the 
appropriate partial derivatives with respect to t 
in Eq. 2.25 produces 

At av ay V(t+llt ) = V (t) - - (aV - + g - + g (S - S ) ] e ilx ilx f 0 

9 

/ 

+ (ll~)2 [ ( 
0:~2 + t ~) ::~ 

(2 . 30) 

and 

y(t+llt) • y (t) - lit(~ .!Y. 
8 ax 

.. v b::.) 
ilx 

2 AV a2v 2 
+ ~ [ (.! + 1) -- + (~ t + i) !..2:.] 

2 s 8 ai ax
2 

(2 . 31) 

Let index the t intervals and i index the 
x intervals . Referring to Eqs. 2. 28 and 2. 29 , t he 
first and second partial derivatives with respect to 
x are approximated by 

and 

au ax· 
u{ .. l - uL1 

26x (2 . 32) 

(2 . 33) 

Thus, recurrence relations for finding approximate 
solutions to V and y in Eqs. 2.30 and 2.31 are 

(2 . 34) 

and 

1 2 2 . 2 Aj . . . 
.. - <lit ) < [ <~> cv?) i. c ) J c J - 2V~ J > 2 llx s 1 + a 8. v i+l 1 + v i-1 

l 

(2 . 35) 

For those cases in which t he products of the 
f i rst order partial derivatives and the derivatives of 
Sf cannot be disregarded, diff erence equati ons 
analogous t o Eqs . 2. 34 and 2. 35 may be derived by 
appropriate substitutions of relations from Table 2. 2 
i nto Eqs . 2. 25, 2. 26 , and 2. 27 . 



TABLE 2.2 

Substit utions 

The substitutions in the fo l lowing equations are: 

(1 - 2y) 
M = D with D the conduit diameter; yr c1 _ r) 

D D 

N 1 { B o -1 2y -
cos (1- o-) ~'l(l- l.) 

D D 
A J· , -1 2 2 

[cos (1- /)J 

as M lt_ as M ay aR N ay ax = ox ' at = ot ' oX = oX 
and aR = N ay 

at at 

a2 2 2 
~= av (-2 lr + .A~)- A~- v2...:L ax at ax ax 82 ax B ax2 ax2 

02 ave~_ ~as)- A a2v o2 
- ~ Cly __:t_ =- 8 axat -v~ 

at2 ax at 
8
2 at at at 

a2v ~elY. !..Y. • 
2 

v ~)-
2 

.[~- CL f 
2Riv-

( ax 
v2 aR 

ax) 
axat .,_ e ax ax ax2 B ax2 68 R2 

and 

a2v ~(av !..Y. + a2v 2 
CL f 

2RVav - y2 9R 
£. _i_L- e at at). 

~=- S ax at v axat)- a axat 6& R2 

2. 5 Comparison of Solut ions by the T>-•o Schemes 

Comparing the solutions of both water depth and 
water vel ocity at various times and distances would 
be redundant. Since the analytical and physical waves 
will be compared by their water depths at a given 
position, solutions of y alone are considered. In 
this analysis, comparison is made for the theoretical 
dimensions of the experimental conduit, approximately 
3 feet in diameter and 822 feet long . In t he sub­
sequent plots of these solutions of y iet A be 
the solutions with all the derivative terms , a~d A 
be the solutions without the terms consisting of "''

0 

the product of the first order derivatives and the 
derivatives of the energy slope, and D the solutions 
based on the diffusing scheme . 

An important criterion of any numeri cal solution 
is the ability to repeat the values of y gi·,en at 
the initial conditions as best as possible over a 
period of time under a constant discharge. Under 
this steady flow, a critical x position is that 
which is near the downstream end of the pipe . Figure 
2 . 2 shows the plots of y versus t at x = 796 . 7 
ft using the Lax- Wendroff Scheme developed in the 
previous subchapter , and the method based on the 
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diffusing scheme. In these two methods the total 
number n of x interval s used was 160, or Ax = 
L/n = 822/160. I t is to be noted that after 175 
seconds the maximum drops are about 0.01 and 0.07 ft 
for Aw and Di schemes , respectively. 

Another important criterion in a numerical 
solution is stability. Paraphrasing material from 
the Journal of Mathematics and Physics [6] stability 
is related to the difference between the exact solu­
tion of the difference equations and the numerical 
solution of these equations. This difference may be 
called the round-off error. In the Journal stability 
is defined in terms of the growth of round-off errors . 
That is, strong stability exists if the over-all 
error due to round-off errors does not grow, and weak 
stability exists if single round-off errors do not 
grow. Strong and weak instability occurs if neither 
of the above is true. Also stated is the assumption 
that weak stability i mpli es strong stability. Thus, 
stability is a. measure of error propagation. 

The first series of tests studying the measure 
of error propagation was that of strong stability 
under a constant discharge or steady flow . That is , 
for both the Lax-Wendroff method and t he method based 
on the diffusing scheme, an error of 0.001 feet was 
added to the initial condition at each x partition 
point. Simultaneously, t hese schemes were run over a 
period of time using the correct initial conditions, 
and these same conditions, plus the induced error 
were used as the starting lines. In both cases the 
induced error did not grow but approached zero with 
the developed scheme tending to zero at a faster rate . 

Some effects were observed in the second series of 
tests with reference to weak stability, as the induced 
error was added only to the middle partition point. 
Using 81 partition points and observing the solutions 
of y at x = 4n - 3 and t = 2n - 1, it was found 
that the developed sol ution took 225 . 3 seconds to zero 
out to five decimal places, and the diffus ing scheme 
took 520.9 seconds. 

Of more importance in the matter of stability is 
the third series of tests studied. This time the 
constant discharge input hydrograph was replaced by 
a varying hypothetical input hydrograph. An error of 
0. 001 feet was added to the init ial condi tions at the 
8l st point of a total of 160 partition points i n both 
the Lax-Wendroff scheme and the diffusing scheme . 
The solutions of y for the same t and x partition 
points were the same as those observed for the second 
series of tests . After 180.9 seconds the error at 
point i = 5 was 0 . 00001 , and the error at the other 
points has zeroed out to 5 decimal pl aces using the 
Lax-Wendroff scheme. The diffusing scheme solut ions 
did not show an induced error growth eit her; this 
time the error did not stop at zero but became nega­
tive. 

Thus, these series of tests indicate that both 
the diffusing scheme and t he Lax-l~endroff scheme 
are s t able with the latter showing the greater 
stability. 

The next consideration regarding comparisons of 
solutions using the hypothetical flood input hydro­
graph, is that of the effect of interval size . In 
both the Lax-Wendroff scheme and the diffusing scheme 
At = Ax/4 z , where z is the initial discharge (Q) 
divided by the initial area (A) . This is done to 
insure t hat ~t will be small enough to fall wi thin 
the domain of dependence. Figure 2.3 shows the plots 
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Fig. 2.2. Comparison of Lax-Wendroff scheme (Aw) and the diffusing scheme (D.) in reproducing the 
s teady initial conditions along the conduit, at the distance x # 79677 ft. 

of y in feet at x = 735 .8 ft versus the number 
n of 6x intervals used (n = 80, n a 160, and 
n = 320) for both schemes and for three different 
times . The entire length of 822 ft of the conduit was 
divided by n to obtain the corresponding 6x. From 
top to bottom in Fig. 2.3, the given times t repre­
sent y rising (upper graph), y near maximum 
(central graph), and y falling (lower graph). The 
effects of the size of tho 6x intervals are 
noticeable, and, thus, the corresponding size of 6t 
intervals are also noticeable, when comparing the 
diffusing scheme to the Lax-Wendroff scheme. Since 
the error in the Taylor series expansion is on the 
order of (6t)3, in which 6t is a function of 6x, 
the difference in y due to different 6x sizes is 
not as profound in the Lax-Wendroff scheme solutions 
as in the diffusing scheme. Figure 2.3 also shows 
the underestimation by the diffusing scheme similarly 
shown before in Fig. 2.2 in the study of ability of 
this scheme to repeat the initial condition under a 
constant input discharge. 

The last consideration in this comparison of 
solutions involves the Lax-Wendroff scheme but with 
the assumption CAw0 ), or without this assumption 
(Aw), that all products of first-order partial 
derivatives and any derivative of Sf are negligible. 

Using the same hypothetical input hydrograph , 
Figs. 2.4 and 2.5 show plots of the depth y versus 
time t at positions x = 409.1 ft, and x = 797.8 ft, 
respectively. Thes~ figures give the comparisons of 
results for the developed Lax-Wendroff scheme (Aw) 
and the simplified scheme with t he above assumption 
CAw0 ) . The difference occurs in the computed hydro­
graphs when the first-order partial derivatives are 
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such that the assumption becomes less valid. That is 
for example, ay/at is negligible only until the 
computed water wave reaches a particular x position 
and causes an incr ease in y. 

2.6 Concluding Remarks 

Among the finite-difference schemes , the Lax­
Wendroff scheme is considered as superior not only 
to the diffusing scheme but to all others investigated 
for the purpose of flood routing through storm drains 
under the conditions of application of Eqs. 1.1 and 
1.2. Taking into account all six schemes, either dis­
cussed briefly or analyzed, it is concluded that the 
Lax-Wendroff scheme is an optimal scheme between the 
accuracy in the results produced and the computer time 
necessary for the corresponding numerical solutions. 
It is , therefore, considered as the feasible numerical 
computational scheme whenever a gradually varied 
free-surface unsteady flow is computed directly by 
numerically integrating the two partial differential 
equations stated in Chapt er 1 as Eqs . 1. 1 and 1.2 . 

For benefit to other investigators and users, the 
computational procedures and programs are reproduced 
here in the two appendices. 

Appendix 1 gives the computation details of the 
diffusing scheme and Appendix 2 gives the computation 
details of the Lax-Wendroff scheme . Each appendix 
contains the following items , (1) Flow chart; (2) Com­
puter program, (3) Definition of variables; this gives 
the conversion tabl e between the mathematical symbols 
used in this paper and the symbols used in Fortran 
language for a CDC 6600 or CDC 6400 digital computer; 
and (4) Sampl e input and output . 
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Fig. 2.4 . Comparison of the hydrographs at the position x = 409 .1 computed with the Lax-Wendroff 
scheme without t he assumption CAw) and with the assumption CAw0 ) of pr oducts of partial 
derivatives or the derivatives of Sf in x and t being negl igible. 
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Chapter 3 

INTEGRATION OF CHARACTERISTIC DIFFERENTIAL EQUATIONS BY FINITE DIFFERENCES 

3.1 Statement of Characteristic Equations 

The two partial differ enti al equati ons of 
gradually varied free-surface unsteady flow, Eqs . 1 .1 
and 1.2, when transformed give the four ordinary 
characterist ics differential equations. Their 
development is shown i n Chapter 3, Part I, Hydrology 
Paper No. 43. The equations with a ~ e ~ 1, 
and q = 0 (Eqs . 3.50 to 3.53 of Part I) , are the 
starting equations and are given here as: 

~. (:) 
+ 

1 

V + ,/gA/8 

1 

v - liAJi 

(3 . 1) 

(3 . 2) 

{1~- i) '· (S -Sf)~ • 0 (3.3) 
0 + ) 

and 

fl(~ -y_)~ + ~l dy + 
~VB g - gf dx 

A dV 
---+ gVB dx 

These four dependent equations form the basis for 
numerical solutions in the method of characteristics. 
There are a variety of pr ocedures that may be used 
and these procedures may be broadly divided into two 
categories, the grid system and the specified i ntervals 
system. 

3.2 Various Schemes 

·The first categor y uses the grid system generated 
by the intersecting characteristics curves in the t ime­
distance plane . In this case, solutions to the prob­
l em are made at the intersections. These intersections 
occur at the nonuniform spacings in bot h x and t 
directions, thus, interpolations are required in 
order to develop time or distance relations. These 
relat i ons are commonly referred to as t he Lagragian 
descripti on for the distance relations at . an inst ant 
of time , and the Eulerian description f or 'the time 
rel ations at .a fixed position. This method of using 
grids of characteristics is based on establ ishing the 
initial characteristic curves from the initial con­
ditions . The receding characteristic curves emanate 
from it. In Fig . 3.1 the initial characteristic 
curve ( first determined from the inflow hydro-
graph ana)the initial steady conditions, is drawn from 
x • 0 and t = 0. By introducing the values of the 
dependent variables V and y along the initial 
characteristic curve ~ , at the appropriate points 
i n ·the computational scReme, the values of V and y 
as functions of the independent variables x and t 
are obtained at successive points . For exampl e, the 
values of the depths and velocities at point s Q1, Q? 
and Q

3 
in Fig . 3. 1 are obtained from the values of ~ 
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depths , velocit ies, and coordinates (x, t) of the 
points ~ · P1, P2 and P3, respectivel y . In the 

same manner , all values of the dependent variables 
V and y as functions of the independent variables 
x and t can be computed. 

Fig. 3.1. Network of characteristics i n the method of 
grid system for the solution of unsteady 
flow equations. 

It is evident from the preceding brief descrip­
tion that the values in the solution at each inter­
section of chaTacteristics must be retained in the 
computer for the later interpolation for fixed times 
and positions . No attempt was made in this study to 
us e the method of characteristics curves . The 
principal reason was the need for excessive computer 
storage of solutions at each intersection. 

The second category is the specif ied intervals 
system for independent variables. In this approach, 
the dependent variables V and y are known functions 
of the independent var iables x and t either as 
initial conditions of t • 0 or as the results of 
previous time computations. For example, it is assumed 
that V and y are known along distance x at t ime 
t. Figure 3 . 2 represents the rectangular grid in the 
(x , t)-plane with intervals 6x and 6t in x and 
t coordi nates , r espectively. In this case , V and 
y at points Mj' Aj' Bj , ... , Nj are known . The 

values of V and y at time t + 6t, and particularly· 
at points Mj+l' Aj +l' Bj+l'"' .,Nj +l' can then be com­
puted from equations 3.1 through 3.4 and from the 
boundary conditions. In this manner , V and y at 
time t + 6t at various points along distance x can 
also be computed. This process can be continued as 
far as desired or meaningful . This method was selected 
and used in this study because the values of x and 
t at points Mj•l ' Aj+l' Bj+l' ' .. ,Nj+l are exactly 
known, and onl y the values of V and y at t hese 
points must be determined. 



t 
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I +.61 

+I 
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X 

Fig. 3.2. Network of specified intervals for the solution of 
characteristic equations. 

This method has the advantage that it gives 
results directly and in the form most needed and 
useable, such as the hydrograph at each position 
along the channel and al so the water surface profile 
at any given time. From the view of computer pro­
gramming, arrangement of the steps of computation for 
the methods of the second category appears to offer 
advantages over the methods of the first category. 
Since the values of tho dependent variables at time 
t in the second category are known at predetermined 
points, the onl y information needed to be st ored in 
the computer is the values of the dependent variables 
at time t + 4t. Therfore, this category needs 
computer s torage of only two time lines as indicated 
in Fig. 3.2 and designated by j and j+l rows , 
respectively. Values of the dependent variables V 
and y of row j are known and st ored while the 
values of V and y of row j+l are being computed 
for the next time interval . After completion of this 
time interval, the val ues of V and y of r ow j +l 
are stored for computation at the next t ime interval; 
the values of V and y of row j are t hen printed 
out and the storage space is repl aced by t he values of 
row j+l. 

3.3 Numerical Solution by the Specified Interval s 
System 

This section discusses the numerical solution of 
the equati ons of free- surface unsteady flow by the 
method of characteristics with the specified time 
interval, 4t , and the specified distance interval 
nx. In this method, V and y at point .p on the 
(x , t)-plane of Fig. 3 .3 are to be computed from the 
initial conditions or from previous values of V 
and y at points A, B, and C using t wo assumptions: 

(a) nt is sufficiently small so that the parts 
of the characteristics between P and R and 
between P and S may be considered as straight 
lines, and 

(b) The slope of the straight line PR at point 
P is the positive characteristic direction of the 
position C, (t+)C' and t he slope of t he st r aight 

line PS at point P is the negative characteristic 
direction of the position C, (t_) 
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Fig. 3. 3. Rectangular grid for the solution by the 
system of specified intervals, at and 
ax: subcritical f low (upper graph) , 
critical flow (center graph) , and super­
critical flow (lower graph) . 
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Since x and t are known,the velocity at point p p 
P, V , and the depth at point P, y , are then p p 
computed. The computations proceed as follows. 

(1) The coordinates of R and S are deter­
mined from the relations of (;+)C , ((_)C , and 

the geometry of the grid by 

(3.5) 

and 

(3 . 6) 

in which (~+)C and (~_)C are computed from Eqs. 

3.1 and 3.2, respectively, at point C. 
(2) The values of VR , Ys, yR' and Ys are 

deteTmined by interpolation from the Taylor expansion, 
with h the symbol of either Ax or 6h, as 

2 
f(x+h) " f(x) + hf' (x) + ~! f"(x) + ... + O(hn), (3.7). 
and h2 
f(x-h) f(x) - hf' (x) + F f"(x) + ... + O(hn), (3.8) 

For a first order interpolation, the second and 
higher derivatives are neglected. The first derivative 
of Eq. 3. 7 becomes, in finite differen.ce form , 

f ' (x) = f(x + Ax) - f(x) 
6x 

and that of Eq. 3.8 becomes, in finite-difference form, 

f' (x) = f(x) - f(x-Ax) 
Ax 

The value of the function (U = Y or y)' at points R 
and S are then, from Eq. 3.8 and Eq. 3.7, respect-
ively, 

(3.9) 

(3 .10) 

For the second orqer interpolation, the third 
and higher derivatives of Eq. 3.7 and Eq. 3.8 are 
neglected, the first and second derivatives in these 
two equations become, in finite-difference form, 

and 

f ' ( ) = f(x+Ax) - f(x-t;x) 
X 2Ax 

~·(x) • f(x+Ax) - 2f(x) + f(x-Ax) 

(Ax) 2 

The value of the function (U = V or y) at points R 
and S are then 

UB-UA UB-2Uc+UA 2 
us = Uc -~ (xc-xs) + 2(Ax)2 Cxc-xs) ' 

from which YR, Ys, yR and Ys may be computed 

knowing the Y and y at points A, C, and B. 

(3 .11) 

(3.12) 

(3) Then VP and Yp are obtained by solving 

simultaneously the finite-difference forms of Eqs. 
3.3 and 3.4, or by 
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,. 
(F+)C(yP-yR) + (G+)C(VP-VR) + (S+)C(xP-xR) 0 (3.13) 

and 

in which the above values of F, G, and S at point 
C are defined as 

i n which the above coefficients of the two geneTal 
partial differential equations (Eqs. 3.24 and 3.25, 
Part I, Hydrology Paper No. 43) are: A1 = A/VB, 
A2 = V/g, Bl = 0, B2 = 1/g, c1 "C2 = 1, 01 = 1/V, 

o2 = 0, E
1 

= 0, and E
2 

= sf-S
0

. Solving equations 

3.13 and 3.14 simultaneously, 

(T+)C CG)c 

(T_)c CG Jc 
(3.15) Yp 

(F+)C (G+)C 

CF Jc CGJc 

and 

(F +)C (T+)C 

vP 
CF _)c (T _)c 

(3 .16) = 
CF.Jc CG)c 

CF Jc CG_)c 

i n which 

and 



By these computations, velocities and depths at time 
t + 6t are obtained for all points along the channel, 
except for the two boundary points. The values for 
the boundary points are provided by previous computa­
tions of the known boundary conditions. 

The procedure in the solution requires fi r s t 
the determination of the intervals within which the 
points R and S lie. A linear interpolation 
is then performed within the appropriate interval 
for the dependent variables at time t. This linear 
interpolation has the same effect as the linear 
interpolati on in t he diffusing finite-difference 
scheme, namely a systemat ic positive or negative 
shift in the computed values V and y. 

In an attempt to eli minate this deficiency, a 
second-order interpolation was developed. Referring 
again to Fig. 3.3 (upper graph), a second-degree 
polynomial of the form 

U = a + bx + cx2 
(3. 19) 

is assumed t o fit the function of V and y through 
points A, C, and B. This is the same interpolation 
as in Eqs. 3.9 and 3.10, except in a different way of 
implementing it. If the function is cent ered on the 
location of C, then the constants are 

a , and c = (3.20) 

Thus, t he value of the function of the location 
of R is 

(3.21) 

in which 

UP = - ~~~(~~). (3. 22) 

The ratio of 6t to 6x is the sel ected grid 
mesh ratio and (dt/dx) is the direction of the 
positive characteristic+estimated from the conditions 
at location C. 

Similar ly, the value of the function at location 
s is 

(3.23) 

in which 

UN - 6t/(dt) 6x dx (3.24) 

This interpolation scheme offers t1;o advantages. 
First, the curvature of the function at a given t i me 
is approximat ed . Second, it is not necessary to com­
pute wi thin which interval the intersecti on of the 
char acteristic and the x-axis falls. The assumptions 

/ 
in this scheme are that the functions of velocity and 
depth are continuous and may be app~oximated by a para­
bolic r elation within the interval . Any other similar 
non-linear interpolation scheme may be designed if it 
suits the general types of the V(x) and y(x) func­
tions for various values of t. 

3. 4 Initial Conditions 

The necessary initial conditions for the un­
steady free-surface flow are that all velocities and 
depths of water along the channel must be known at a 
given time. In this study, it was assumed that at the 
initial time the discharge was constant throughout the 
reach. Thus, the problem can be treated as a steady 
non-uniform flow. Velocities and depths along the 
channel were then deter mined by computations of con­
ventional backwater or drawdown surface profiles, 
depending on the downstream control conditions. This 
procedure uses t he standard step method [2, p. 265]. 

3.5 Boundary Conditions 

The two governing partial differential equations 
for unsteady flow require two independent boundary 
conditions relating velocity and depth at certain 
locations along the channel. One of these conditions 
is the discharge-time relation existing at the inlet 
end to the section of channel under study. This 
rel ation can be either expressed in a mathematical 
form, or given as discrete poi nts of discharge at 
selected intervals of time. 

The other boundary condition imposed on the 
'problem is that of a discharge-versus-depth relation 
at the dol'instream end, characterized either by a 
control structure or by the critical depth at a free 
outfal l. This is the boundary condition that must 
exist for subcri t .ical flow of the base discharge. 
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If the base discharge is in the supercritical 
range or on a supercritical slope the boundary condi­
tion must be expressed at the inlet end. This 
f unction takes the .form of a discharge-versus-depth 
relation. This condition, in combination with the 
condition of a discharge-versus-time relation, is 
somewhat difficult to visualize physically; however, 
it is a necessary condition because the characteristic 
directions both have a positive slope and thus there 
is no influence o·f the downstream conditions on t he 
upstream conditions . 

The fol lowing discussi on presents a detai l ed 
analysis of these boundary conditions. Arbitrary in­
flow hydrographs were investigated to test and verify 
the computer program and also to p~ovide result s for 
evaluating the significance of variations in the 
hydraulic parameters. 

upstream boundary conditions - The boundary 
condition at the upstream inlet is given by an inflow 
hydrograph, Q(t), with no limitation on the shape 
of the hydrograph. A hypothetical hydrograph, having 
a Pearson Type III distribution with four parameters, 
was selected for evaluating the effect of variations 
in the parameter and is shown by Fig. 3.4. Thus , 
the inflow Q at time t designated by Q(t) may 
be described by 

(3 .25 



20.0 
Q (cfsl 

t (seconds) 
0~----~------~--~~-------L------L 
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Fig. 3.4. Hypothetical inflow hydrograph of the 
Pearson Type III function, Eq. 3.25 , with 
the selected parameters: Qb = 6.21 cfs, 
~ = 8.00 cfs, t = 100.00 sec, and t 
150.0 sec. P g 

in which ~ is the constant base flow., ~ is the 
peak flow, t is the time from the beginning of 
storm runoff t~ peak discharge and t is the time 
from the beginning of the storm runoff to the center 
of mass of storm runoff, G. One hydrograph with 
arbitrary values of Qb' ~· tp' and tg were used 
in this study. The shape and these arbitrary values 
of parameters are shown in Fig . 3.4. 

The depth and the velocity at the upstream 
boundary point P in Fig. 3. 5, which is at x = 0 
and at the time t + At, can be computed from initial 
conditions at C and B, with the boundary conditions 
'given by the inflow hydrograph 

AV = Q(t) (3. 26) 

in which A is the cross-sectional area and V is 
the veloci ty at P. 

Using the previously discussed assumptions and 
procedure of computing velocities and depths at other 
points along the channel the negative characteristic 
direction at point C is also given by the initial 
conditions. The relation between the depth Yp and 
velocity VP at point P can be determined from 
Eq. 3.4. Substituting the boundary c9ndition of Eq . 
3. 26 into Eq. 3.14 gives 

y -s 
(GJc {~!)_ vsJ + (SJc {xP-xs) 

(3. 27) 

i n which A is the cross-sectional area at P and 
A is a function of Yp· 

Solving for y from Eq . 3.27 and subst i tuting 
Yp into Eq. 3. 26 ~kes it possible to determine Vp. 

Since Eq. 3.27 is not linear in Yp• a Newton-Rhapson 
interation was used for its solution. 

Downstream boundary conditions - The boundary 
conditions at the downstream outlet may generally be 

given by a st~ge-discharge relation. In this portion 
of the study only a free outfall at the end of conduit 
was assumed. Therefore, a critical flow at the down­
stream end exists 

v 

a 1 (3.28) 

where A is the cross-sectional area and B is the 
top width of the downstream boundary. 
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Fig. 3.5. Upstream boundary conditions: subcritical 
flow (upper graph), critical flow (central 
graph), and supercritical flow (lower 
graph). 

Figure 3.6 shows the downstream boundary where 
the critical depth occurs. For the free outfall., it 
was assumed that critical depth occurred at a distance 
of 4.5 times the critical depth from the end. This 
assumption was al so applied to the unsteady case, 
with critical depth computed from the base discharge, 
~· Therefore, the total distance xL from the 

inlet to the downstream boundary is determined by 



(3. 29) 

in which xF is the total length of the channel and 
Yc is the critical depth for discharge ~· 

!:u 

1+61 P/ 

LH ) 
A R 

Fig. 3.6. Downstream boundary conditions for the 
subcritical flow, with xL the computa­
tional conduit length. 
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The depth and velocity at the downstream boundary 
point P at time t + at can be computed from the 
initial conditions at A and C, and from the 
boundary conditions given by Eq. 3.28. 

Using the same assumptions and computational 
procedures, the initial conditions also give the 
relation between the depth Yp and the velocity Yp 

by applying Eq. 3.3. Substituting the boundary 
conditions of Eq . 3.28 into Eq. 3.13 results in 

(3.30) 

in which A is the cross-sectional area and B is 
the top width at P, with both A and B functions 
of Yp · 

Solving Yp from Eq. 3.30 and substituting 
yp i nto Eq. 3.16 makes it possible to determine YP. 
Since Eq. 3.30 is not linear in Yp . a Newton­
Rhapson iteration was again used for a solution. 

3.6 Summary of Computational Procedures 

In solving the equations of free-surface unsteady 
flow, Eqs. 1.1 and 1.2 and Eqs. 3.1 and 3. 4, by the 
system of specified intervals, the steps of computing 
velocity Y and depth y at various times and 
positions along the conduit arc as follows. 

(1) Values of Y and y at various positions 
along the channel for the steady-state condition of 
constant base flow, ~. are determined from a 
computation of the bacMwater curve. 

(2) The upstream boundary conditions are 
evaluated. 

(3) The downstream boundary conditions are 
evaluated. 

(4) Values of Y and y at time t + at 
along the channel are comp~ed from the known values 
of Y and y at time t. 

(S) Steps (2), (3), and (4) are repeated as 
long as desired or meaningful. 
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To benefit other investigators , the computational 
procedures and programs are reproduced in Appendix 3. 
Appendix 3 gives the computation details of the numeri­
cal integration method u.sing the specified interval 
scheme of the method of characteristics . It includes 
(1) flow chart, (2) computer program, (3) definitions 
of variables and (4) sample input and output. Addi­
tional subroutines were developed to compute the 
boundary conditions for supercritical regime and for 
lateral inflow at specified locations.* 

3.7 Effect of Variations in Computational Parameters 

The discrepancy between a computed value and the 
observed value from a physical experiment is attribu­
table to numerous sources of errors. These errors 
are generally the result of systematic and random 
errors in the observational system and possible 
systematic errors in computational procedures. Random 
errors are a result of unavoidable accidental varia­
tions in the physical systems. The discussion that 
follows will be concerned with errors in the com­
putational procedure. 

Computational errors emanating from procedures in 
this study are the result of: 

(1) The approximation of infinitesimal varia­
tions by finite values. This is a result of assuming 
in general, linear relations rather than the true 
curvilinear relations. This is a systematic error. 
However, the propagation of this error is not readily 
determined since it may be positive or negative 
during different stages of the computations. 

(2) Truncation of numerical values. This is 
due to the limited precision of any discrete-element 
calculator. 

(3) Round off in the printed output. The 
printed output of any computed value from a digital 
computer differs from the internally generated value 
by the amount the value is rounded off in conversion 
to numeric form. The computer used for these calcula­
tions rounds off in a manner similar to manual 
calculators. 

The following discussion evaluates the signifi­
cance of the controllable variables in the solution 
of the unsteady flow equations. These equations are 
considered under the computational parameters of 
incremental length and incremental time interval 
during which the integration process proceeds . 

The effect of variations in the hydraulic para­
meters of roughness and the velocity distribution 
coefficients is discussed in Part I, Hydrology Paper 
No. 43. 

D~te~ination of computational parameter at. 
The gr1d s1zes of ax and at in the computational 
scheme, Fig. 3.2, is limited by the characteristic 
directions ~ •• (_, encountered during the integration. 

Referring to Fig . 3.3, in order for R to lie 
in the interval A-C for all conditions of flow, it 
is necessary that the ratio of at/ax be less than 
the value of dt/dx assumed at the location R. This 
condition must exist throughout the integration 
sol ution. 

In order to assure that this condition exists , it 
is necessary that at be computed from 

at ,. ax/ (V + lgA/B) 

* Originals of all computer-program and punched- card 
decks are deposited with the Office of Research, Feder­
al Highway Administration, U.S. Department of Trans­
portation , lqashington, D.C . 



in which 
(1) 
(2) 

V is the maximum anticipated velocity, and 
A/B is a maximum for free surface flow. 

Effect of computational parameter 6x. The 
method of characteristics using a spec1fi ea intervals 
system gives the complete numerical solution of the 
free-surface unsteady flow. The accuracy of the 
results depends on the size of the rectangUlar grids 
6x and 6t of Fig. 3.2. In this section only the 
effect of 6x is discussed; 6t will be discussed 
in the next section. 

I f n is the number of intervals along the 
conduit and xL is the length of the conduit, then 

1.4 

1.3 

1.2 

1.1 

0.9 

0.80 

(3.32) 

100 200 

•' 
Since xL is assumed to be fixed, n is 

arbitrarily selected as any even number, t.hus . 6x 
is determined. The smaller the 6x, presumably 
the more accurate are the results. But also, the 
smaller the 6x, the greater the required computing 
time. In compromising these two conditions to satisfy 
the objectives of this study, several values of n 
for the fixed xL were tried. · 

Figure 3.7 shows the effect of the size of 6x 
on the depth hydrographs at three positions along 
the conduit. The upper graph is the depth hydrograph 
at a position 50.0 feet downstream from the inlet and 
for a 6x of 40.91, 20 .45, 10.23, and 5. 12 feet 
corresponding to n values of 20, 40, 80, and 160, 
respectively. The center and lower graphs are the 
depth hydrographs at 410.0 feet from the inlet, and 
771.7 feet from the inlet, respectively. The initial 
condition for each computation is the steady-state 
water surface for a free outfall. 

300 400 500 

Fig. 3. 7. Effect of 6x on hydrographs at various positions along the conduit; (1) 6x = 40.91 ft, (2) 6x = 
20.45 ft, (3) 6x = 10.23 ft, and (4) 6x = 5.12 ft, at three locations of conduit x = 50.0 ft 
(upper graph), x = 410 . 0 ft (center graph) and x = 771.7 ft (lower graph). 
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Comparing the depth hydrographs of Fig . 3.7 wi th 
the given inflow discharge hydrograph of Fig . 3.4, it 
was found that: 

(1) The critical portion of the condui t for 
computin·g depth hydro graphs is near the out let where 
there is the greatest curvature of the water surface 
profile. The maximum differences between t he computed 
depths , with AX being 40.91 and 5.12 feet, are 
approximately 0.3, 0.6, and 1.0 percent of the conduit 
diameter at 50.0, 410.0, and 771.7 feet from the 
inlet, respectively. 

(2) There is no significant increase in accuracy 
over 0.005 feet or 0.15 percent of the conduit dia­
meter when 6x is less than 10.23 feet. Therefore, 
a ax equal to 10.23 feet, or n equal to 80, was 
selected for computation in t he other portions of this 
study. 

The pea~ depth Yp and the time to peak depth 
Tp are two ~mportant parameters describing a depth 
hydrograph. These two parameters are defi ned and 
shown graphically in Fig. 3.8 . The required accuracy 
of a computed hydrograph at various positions along 
the conduit can be measured by the peak depth, y , 
relative to the diameter, 0 of the conduit, forp 
various lengths Ax. Also, the accuracy can be 
measured by the t ime to peak depth, TR, relative 
to the time to peak discharge, tp, or the inflow 
discharge hydrograph of Fig. 3.4, for vari ous lengths 
6x and the same positions, x. 

2.0 

y, (depth) 

feel 

Fig. 3.8. Characteristics of the depth hydrograph 
~ith TP the time at peak depth, and Yp 
the peak depth. 

From the selected cr i teria for defining the acc­
uracy of a computed hydrograph for a given Ax, it 
was found t hat the percentage differences of yp' 
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in which t he index "min" refers to the depth y of 
the smallest difference used, 6x = 5.12 ft, anH the 
index "i" refers to depths of any other Ax > 5.12 ft , 
ranged from 0.0 percent to 2. 1 percent for Ax 
ranging from 5 .1 2 ft to 40.91 ft, and at various posi­
t i ons x, as shown in Table 3 .1. At the upstream 
part of the conduit there was no significant difference 
between Yp/D measure for different values of 6x, 
as expectea. At the approximate middle of the conduit 
there was a 0.2 percent difference. At the downstream 
end, the difference was 2.1 percent. No significant 
change in the percentage difference of Yp to D 
was found when Ax was reduced below 10.23 ft . 

In usi ng the other parameter, Tp, to define 
the accuracy of computed depth hydrographs with 
different values of AX and vari ous positions x, 
t he measure of accuracy was 

X 100 , 

in which the indices "min" and "i" refer to the 
Ax = 5.12 ft and all others Ax, respectively. It 
was found that there were no significant percentage 
differences for values AX > 5 . 12 ft, and various 
positions x. The percentages were about 1.2 percent 
at the upstream, 2.0 percent at the middl e , and 8 . 5 
percent at the downstream part of the conduit. It 
was also found that there was no significant change 
of the percentages of Tp to tp (which was about 
1.9 percent) when Ax was reduced below 10. 23 ft, as 
shown in Table 3.2 . 

Tables 3 .1 and 3.2 show the percentage differ­
ences of Yp to t he diameter 0 of the conduit , 
and Tp to tp, respectively, with different values 
of Ax and various positions, x. These values at 
even distances (0, 50, lOO, ... ft) were computed by 
linear interpolation from the values in the grid 
system of Fig. 3.2; therefore, some error may have 
been introduced. However, the change in shape of 
t he depth hydrograph due to varying · Ax was con­
sidered to be small . Larger Ax produced a lower 
and later peak depth. 

As previously mentioned, the sma!ler the Ax, 
the longer the computing time r equired. For these 
particular val ues in the hydrograph and the specified 
grid syst em computer program, the relation between 
the time required for the CDC 6600 computer and the 
various Ax or n values is shown i n Fig . 3.9 . This 
relation is approximately a power function because 
the number of co.mputational locations in the (x, t)­
plane is proportional to the square of the x-positions 
for a constant time position . 
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Table 3.1. Difference in Yp coaputed fr011 various sizes of t.x 

(in percent of conduit diameter D) 

DISTANCE, ft 

0 50 100 150 200 250 300 350 400 45 0 500 550 600 650 

0 -0.02 -0 . 16 -0.04 - 0.06 - 0.08 -0.11 -0.16 - 0 . 24 - 0 . 31 -0.41 -0 . 50 -0~59 -0.70 

0 -0.01 - 0.02 - 0 . 02 - 0.03 - 0.04 - 0.04 -0.06 - 0.10 - 0 . 13 - 0 . 18 - 0 . 22 - 0.27 - 0 . 39 

0 0 -0 . 01 0 

0 50 100 

1. 23 -0.09 0 . 18 

0. 40 - 0.09 0 

0.41 0 0 

-0.01 - 0.01 -O .Ol - 0.02 -0.03 -0 . 04 -0.06 -0 .08 - 0.09 

Tabl e 3.2. Difference in 

150 200 250 300 

0. 14 -1.21 -0 .36 - 1.62 

0.14 0.05 -0.06 0 

0 . 14 0.05 0 0 

0 10 

t, seconds 
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200 
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16 
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0 20 40 

Tp computed from various sizes of t.x 

(in percent of tp) 

DISTANCE, ft 

350 400 450 
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Fig. 3.9. Relations between n and 6x and the computer 
time, T, required for CDC 6600 computer. 
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Chapter 4 

COMPARISON OF THREE FINITE DIFFERENCE SCHEMES 
OF NUMERICAL INTEGRATION 

4.1. Criteria for Comparison 

The comparison of three finite-difference schemes 
for numerical integration and numerical computer 
solution and the eventual selection of the most 
decirable scheme for particular applications depend 
on simplicity, stability, accuracy , flexibility, and 
resulting computer time. The three schemes to be 
compared are: diffusing, Lax-Wendroff, and specified 
intervals scheme in the method of characteristics. 

The simplicity of a particular scheme is related 
to both the algebraic description of its numerical 
algorithm and the computer programming involved. 
Generally, if the algebra is kept simple for under­
standing the computer programming is usually also 
simplified. Frequently, however, this may l ead to 
numerous programming decisions to i nsure that 
conditions outside the range of the simplified 
assumptions are either included or deliberately 
excluoed. Thus, simplified algebra does not 
necessarily infer simplicity in the computer algorithm. 

The stability of a solution infers that the 
process will coverge to a real solution. This 
criterion is satisfied in the case of sol ving the De 
Saint Venant equations if the mesh size At/6x ratio 
is less than dt/dx, for any part of the (x,t)-plane 
used in the integration solutions. If this condition 
is not satisfied, the solution will fluctuate about 
the correct value with increasing amplitude . Event­
ually, the results may exceed the capacity of computer. 

The accuracy of a solution method in this study 
infers that the algorithm will reproduce the initial 
conditions for the steady state boundary conditions. 
As a coroll ary, the algorithm should be able to com­
pute the steady state conditions from any arbitrary 
initial conditions . If the algorithm satisfies this 
criterion, it may be inferred that there will be good 
agreement between the computed and the observed 
quantities. The difference between these two can 
then be attributed to the limitations of the underlying 
assumptions of the theoretical equations and the 
limitations of accurately estimating the geometric 
and hydraulic parameters. 

The flexibility of a computer algorithm depends 
on the range of conditions the algorithm will 
accommodate. For the unsteady flow solutions, it is 
desirable that the algorithm provide for all condi­
tions of depth, velocity, and discharge within the 
expected physical ranges. Generally, this must 
include both the subcritical and the supercritical 
conditions. Since numerical procedures at some stage 
·require interpolations, a computer decision is 
required to determine the appropriate interpolation. 

4.2 Properties of Diffusing Scheme 

The diffusing scheme is the simplest of the three 
compared schemes to develop and represent in ~lgebraic 
form. This can be seen from Table 2.1, where1n the 
partial derivatives are represented as ratios of finite 
differences. Thi,--5implicity, of algebraic form, 
however , limits accuracy and flexibility . 

The stability of the diffusing scheme is assured 
provided the ratio of At/Ax does not exceed the 
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t any point in the absolute maximum value of dt/dx a 
(x, t)-plane during the integration process. 

Y suffer during The accuracy of the scheme rna Th·s is 
·t·cal flow ~ eventual periods of supe:cr~.~ ~t a relatively 

because the characterist1cs l~terse~~t Figure 4.1 
great distance from the solutlO~ po~· · The accuracy 
graphically presents this relatlons1~P:ted because 
of the diffusing scheme is further lmlvary linearly 
the dependent variables are assumed ~~ the actual 
within the interval of 2Ax. Thus, ~ven x-position 
value of a dependent variable at a glthe computed value 
is more than the interpolated valu~, .

11 
be less 

at the same position for a later tl~e w~ a dampening 
than it should be. This effect. pro u~~ re 4 . l 
effect in time at a fixed locatlon. h1~ a location 
demonstrates this effect for the dept athe curvature 

th f f 11 1 t The greater near e ree- a out e · ced is this effect 
of the free surface the more pronoun 

h ·cal size of Ax 
To reduce this effect the P.Ys~n increase of 

may be reduced but this results 1n a time increases 
the computer time needed. The comp~~=~ance interva~s, 
by the square of the number. n. of that the diffus1ng 
Ax. Subsequent comparison 1nd~:ate han the other two 
scheme requires more computer t1me t 
schemes. 

4.3 Properties of Lax-Wendroff Scheme 

. ·mprovement over 
The Lax-Wendroff scheme ~s an 1 dates the 

the diffusing scheme in that 1t accomm~ variables. 
c~rvature in the variation of depen~7n ted numerical 
This, however , involves a more comp 1ca 
algorithm. 

Solution Point 

ll t 

Intersection . of 
Charoctensttcs 

Domain of 
Dependence 

Points 

Fig. 4.1. Effect of characteristic s lopes . 



The Lax-Wendroff scheme results in a more accurate 
soluti on in comparison with the di ffusing scheme for 
the same Ax and At intervals without a significant 
increase in computer time. An indication of this 
improved accuracy ·is demonstrated in Fig. 4.2 The 
Lax-Wendroff method consistently produces the same 
depth over a very large period of time, whereas, the 
diffusing produces a consistent change . 

With regard to its flexibility in accommodating 
a wide range of flow conditions , the Lax-Wendroff 
scheme possesses the same inherent limitations as the 
di ffusing scheme. Thus, by the Lax- Wendroff scheme 
the further the intersection of the two characteristic 
curves from the solution point, the less accurate the 
solution. 

4.4 Properties of Specified Intervals Scheme of tl1e 
Method of Characteristics 

The complications inherent in the specified 
i ntervals scheme of the method of characteristics are 
justified because of its inherent accuracies. The 

y, ft 

10 20 30 

c 

basis for this is that the points of solutions are at 
the intersections of characteristic curves, rather 
than at any point within the domain of dependence. 

The linear interpolation of this scheme is made 
without the need of a computer decision. All flow 
conditions can be accommodated by this scheme. 

The accuracy of this scheme is demonstrated 
in Fig. 4.2, and is very good when compared to the 
diffusing and Lax-Wendroff schemes. 

It is apparent that this finite-difference 
s cheme of the method of characteristics produces a 
rapidly convergent and stabl e value. It is compar­
able to the same property of the Lax-Wendroff s cheme. 

The non-linear interpolation of the method of 
characteristics for dependent variables along dis­
tances for a given time is an improvement over the 
linear interpolation. However, linear i nterpolation 
is used in producing results (C) of Fig. 4.2 for this 
method of characteristics. 

150 160 170 

t, seconds 

Fig. 4. 2. Comparison of diffusing scheme (Di) , Lax-Wendroff scheme (At), and the 
specified intervals scheme of method of characteristics (C) in re­
producing the steady initial conditions along the conduit, at the 
distance x = 796.7 ft. 
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Chapter 5 

CONCLUSIONS AND RECOMMENDATIONS 

5.1 Conclusions 

1. Numerical int egration solutions to the 
differential equations of gradually varied free-surface 
unsteady flow in prismatic channel s and conduits have 
been reviewed, evaluated, and compared, both by the 
integration of tho two partial differenti al equations 
and by their equivalent , four ordinary character istic 
differential equations. 

2. Numerical i nte'gration schemes, their solutions 
and their resulting computer programs are compared on 
the basis of their simplicity, stability, accur acy , 
flexibili ty, and the resulting computer time needed 
under given physical conditions. 

3. Second-order or non-linear i nterpolations 
for dependent var iables in the finite-difference 
schemes, for both the Lax-Wendroff scheme and the 
specified intervals scheme of the method of character­
istics, were found to be necessary if maximum accuracy 
is to be obtained. 

4. Solutions by the specified intervals scheme 
of the method of character istics , with the second­
order or non-linear interpolations for dependent 
variables, do not significantly require more computer 
time for a given accuracy comparable to the accuracy 
of solutions by any other scheme. 

5. The Lax-Wendroff finite- difference scheme 
requires some particular programming considerations 
and adjustments in the case of supercritical flow. 

6 . The finite-difference specified. intervals 
scheme of the method of characteristics with the 

second-order of non-linear interpolations of dependent 
vari ables is sufficiently flexible to accommodate a 
large range of flow conditions. 

7. Numer ical integration by the specified 
intervals scheme of the method of characteristics 
with the second-order or non-linear interpolations 
of dependent variables in the writers' opinion should 
be used in general for studies of gradually yaried 
free-surface unsteady flow. 

5.2 Recommendations 

Four recommendations far further studies are 
present in the following: 

1. Other numerical integration finite- differ ence 
schemes , per iodically appearing in the l iterature or 
not studied in this paper, should be investigated and 
compared with the r ecommended finite- difference 
specified intervals scheme of the method of character­
isti cs. This should be done .to find whether improve­
ments in overall applicability can be attained. 

2. The finite-difference specified intervals 
scheme of the method of charact er istics may be further 
i mproved by considering the curvilinear nature of the 
character istic curves. Thus, a better method of int er­
polation may be designed. 

3. For the integration of gradually varied free­
surface unsteady flow equations the use of a hybr i d 
computer should be particularly investigated. 

4. Computer times and computer costs should be 
systematically investigated for the most popular digital 
computers and for various finite-difference schemes. 
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APPENDIX 
COMPUTATIONAL DETAILS OF DIFFUSING 

A.l.l. FLOW CHART 

SCHEME 

Subroutine. 80N2 

Compute 
depth , velocity. 41sctiara" 

at free out let 
by 

Hewton-b.phson iterati on 

(Subroutine COED ) 

I 

Compute 
~teady, non- uni for. flow 

for M· 2 (drawdown ) 
( s tandard step aethod) 

by 
~ewton -Raphson iterati on 

Input hydrograph coordinates 
(Q, t ) may be selected arb! tro:rlly. 

Yes 
i ni U al dis ch:ar ee 
• input discharge 

Subrout ine DNORM 

'·· 
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A.l.2. FORTRAN nL COMPUTER PROGRAM 
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fHcHN-AZ • CVIli +VA-Vtl)-Ul/AXI-~i*DX/OT • IVI~I•~l/AX-VA-VIl))-C2• tHAdUl 

l+Htli-HtllJ-~.o · ox• e2 801 
OAX•0 . 2~ • 0 •0• Il . O-COSFCTHETAlt/SO SOl 
FPH•l .O-CA2-~2 •0X/~ll • l~t •nAX/ IAX*AX )) a01 
HNU•HN-FHIFPH a~l 
lf (A~SFiht.U•HtO•Oe OOCil. l .H12el..:: o.,l 
h~•hN~ ovl 
GV T~ 9 oul 
HCl)EHhU 6.,1 
Q t lJ•CT oul 
VCll•t.TIAX ~UI 
JF CH tl i . LT .M,..A.k l ll) W TO 14 "'-'1 

HMAXC l l•HCil 601 
THMAX Cl I • 1 801 
If IVCll • ll • VKAXIIll GO TO 15 301 
VMAXI!l•VIIl 801 
lYHAX( l J•T SOl 
IF CvC II.LT . UMUCill GO TO lo U"l 
c;.AAA.l i.J •Gol i I .,ul 
fCrti.AAI 1 t•1 o1o1l 
RETUII~ o OI 
E"".l thJl 

SUUIIIITIIII! FOa <XliiPUnllli CRITICAL OEPlll 

$VdROU11Nl OCR 11 OCK 
OIMfN~ION IC.IZOOl o 1111<001 DCA 
Ol"fh~lOH 0140~ 1• ht ~~VI • Vt400J ~<~ 
Dl~t.h~ION (, C))OI OC~ 
COMMON ON tHl tA t AP toP tAl tC l eOi tCl•O~ t A~ tCt •~' • VP tufAtvl trl~ t VC DC~ 
COMMON O t XO t XF tGR tALPH~ t 8El~ t SO t F tHtV •O •~X t DT t 1•10 t T~tHtFijtFC tb OCR 
COKMON Kt H.MtHMM tl t l t PERO tOOT tVA t iO tTQ, QI t NO(.O OCR 
COkf40N HAt HMtVMtHT t \IT tNPJ t HH t G t Oil OCR 
COIU40N THETA oWP oR oO(PTH oVC OC~ 
THEIA•2 , 0 •AtANftiSwR T fiO•OX-~X••2lJ/tO• O . ,-OXIt ~CK 
If CTHlTAI l ol o3 ()Co< 
THtlA•6. Lo))O+fHEfA OC~ 
A•O , I l>• CTHf lA-SlhFI THllAll•I O• ol OCR 
d•~•SJNFt fHE lA• O. Sl U(ri 
oc .. o x- I b • tA•• l 1-ALt'HAIII (I u•~; l ll ,u;n /un ., c , .u• tlo•"") ··;c, -( l • ..... (A, IU:, lDC..A 

! •CO$FITHEIA•O , ~llii~ INFCTHE TA*O • >Il l OCR 
If CAb~F''l(-OXl -OoOOOll ~•••• OC~ 
OX•OC OCR 
GO TO I OCR 
VC•OIIt• OC.R 
AETv~k aCM 
EKr OCk 

> 
• 

~ 

10 
II 
u 
13 
14 
j) 

l o 

" i o 
IY 
.10 
<I 

"' Z3 
2 4 
H 
<6 
<1 .. 
>0 
>I ,. 
>; 
)4 

35 
36 
37 .. 
..tY 
40 
•I .. 
43 ... 
·~ 4b 
•1 .. 
to9 
>t 
>I ,, 

~· , _ 

. 
) 

• 

• 
10 
11 
I< 
ll ... 
l > 

·~ 17 
18 
~ ~ 

lO 
d 
u -

10 

II 

ll 

SUIROOI'II!E fOR a.IPUTINC OOWNSTIQ;NI IIOIRiDAAY COIIUITIOI! 

SUBROUTINE BONZ 80l 
CIO< 
tiU< 

DIMENSION HiCZCOl • 0112001 
DI~~~~ION Ql400 1 • hi4~UJ t Vt~OCJ 
Olht.N~ION GClJ!Il ov< 
(~~ ~Nt"ltAtAP toPtAltCl t ~~ '~'tO~tA~ t L~ •~~,~~ •v1A twfth~tVC dU~ 
COMH.IIJ·H o .xo ,JCF . CJR .At.PHAtD~ fA t SO t F •"' • V •~ •"'• • ul • t • l(,. Jf , ,..,ro . FC t o ou~ 
: CMHO,. M tNt t~tL tltPEM.l>t OOT t VI\ t &IJ • I"' , (,11 . 1'\wCu bU~ 
COfotHON teA t HKrVIhHT t V'T tHPT t rittt<it OII 80~ 
CO~ON THETAtlliP•R tOEPTH t VC iiO~ 
COMHOH OMA~(400l t~Xt400JtHMAXC-C0J 802 
COMMO,. TOHAX14001 t TVKAXC.OOJ tTHHAX C4 00J B02 
HP•tHMJ 602 
VP•VIItl 1102 
ThE TA•2 . 0•A, TAHf I I S<o.R TF CO• HP-HP• HP l J/ t o.~• .,-HPI f BOl 
If ITHE TAl 1 oloZ ov.l 
1HlfA5JnETA+6.lo~lb ov~ 

AP•O. lZ,• tTn~T~-SihFlTMLTAJJ • (u•vt 6U~ 
8P•O•~INFC0. 5 • THETAl 8(Jl 
Htt.l A• 2 . 0 • ATANf (I S.t;RTF IO• HX- h.(* H.q J I I O• O• !»-rCX) I lO" 
IF ITHETAI 4t5 t5 ~OJ 
THETA•6 . 28llo+THETA OO.i: 
A• Q . l2~•t TH£1A-Sl~FCTHETAll*I~*OI 802 
ij•O• ~INfiTHETA•O . ~l oOZ 
VX•$0RTFIA• GRio l 602 
CTN •COSFITHETA*O • ~I/Sl~FCT~EtA•O.~t ~0~ 
FORG•AP/ ( 8P• DX I • I VX+VfM,._)-VIMMH) -VMt +VFl/-'X* (t1X+f1l MM!-HC~I· "iMJ + t~CS02 

lX•M IIU>\MI - MIIIMI - Hi<ll/DT But 
FPf< l•AP/1 dP • L>X* Z, G*VA I * ( Gr<-A•Ul<•~ • U~( 1 f't/ 1 o • o ) I +YP/VA.+ l • (.,lOT tiU" 
OC•HX-F~RG/FPKl bOl 
IF CABSf l OC- Hxt-O.OOOll 7 ,6.~ 

HX•OC 
GO · TO 3 
HIMHI•OC 
THE TA•2 . 0 •ATANf( ( 5~RTF(O•OC-DC•DCIJ/(0•0· S-OCJI 

IF ITHETAl 8 o9o 9 
THETA•b . 2831o•THETA 
A•O .l ZS •lTHETA-SlNFCfM~TAJJ•lO•OJ 

B•D•SINf(J~fTA•O• ~t 
VIMMI•~CRTftA•GR/bl 

(.;l.'tioti•A•VH~) 
! • 14M 
lF (nCIJ .t..TetiHAXtiU GO TO 10 
H .. 1AX t I )•Hil I 
TH14AXIIl•l 
IF t Y t I J . LT • VH.AX l I t I C.O TO 11 
VHAX C I J•Vt I I 
tVHAXI I 1•1 
If COIIJ . lf , C..MAXCIII GO TO 12 
OMAXlii • OC I I 
lQHA.XC I ••T 
Rt!URN 
f ilii 

SUIROOI'INI! fOR OCJIPUTlliG GECJEniC PAIWW!ll!IS OP Cl!Ulll.ut Sll04EifT 

SU&ROIITINl Clo<CL~ 
DIMENSION TQCZOOl • QIClCOI 
DlHE~~ION ~140~ 1• 014~0J , Vl• VLt t ~t)l~l 

(VMKCN ON t Hl t A J AP t oP . Al t Cl •Dl • t l t o.l t A.l ' '" •c..: J YPt "' IA ' "'1 t"A •iJC 
COMMON 0lAtXO , XF tGR tALPHA. t 8ETA r 50tF •~tVtUtOX t 0f • f•lO t JF t h t ~8tfC • a 
COHMOH Jo'l t ro'!Jioi • • KMI"'' tl t I•P£RO t OD1 t V At IO t 1t..o , QI thUCD 
COMMON HAtHMtVM t HT t YT tNPT .~~ • X • Ob 
COMMON IHETA. t~P t Kt~fPTN t VC 

fHl fA•2 · 0•ATANFIIS~~Tf t VJA•Oc.P Th-vl~TH• •Lll/t~JA•U . ,-vt~TH !. 
IF CTHUAl Io2 o2 
THt lA•b,la))o+lH£TA 
A•O . l2~• 11 HllA-S l NF(Ih~TA)J • I~l A•OlA) 
WP• IUIA*O • !J J • TH(TA 
R•AI"P 
O•VJA•~ JNfCTnETA/2 . C) 

RETURN 
END 

liU< 
dU.I 
oU< 
tiOZ 
HOl 
002 
802 
00< 
SO< 
bU< 
D~~ 
oVc. 
Sue. 
llu< 
6V< ...... 
80< 
80< 
802 
aoz 
80.1 

~~~­
d\1< 

CIK 
CIR 
CIR 
elk 
CIR 
..:. rR 
CIR 
CIR 
C l R 

"" Cl~ 

Clo< 
CIR 
Cl• 
CIK 
CIR 
C l R 

4 

0 

1 

" 9 
10 
11 
12 
1) 

H 
I~ 
lo 
11 
lo 
I' 
<0 
<I 
u 
H 

•• 
·~ lb 
<7 
<o 
<> 
:.o 
>I 
J< 
:,::; 

'" H 
>b 
J7 
lo ,., 
• o 
•l 

"' .. , 
41; ., 
4o 
.1 
•a 
<t9 

)0 ' 
>I ' 
)(-

• 
I~ 
11 
1.1 
13 
14 
I!> 
16 
17-



N 
<D 

2 
3 

• • 

SIJBROIITINE FOR CI'»>PUTING Cll£FFICIEHTS IN DIFFER£NC>l EQUATIONS 

5VoROUJ 11-tt. CVE1.1 
Ol~tN5 1 0N T~l2vv> • O!I lvOI 
OIM£N~ l 0~ QI40LJ • HC ~COJt VI 4COJ 
DIHEI<:.ION GL>3C> 
CO.Mi40N QN t HJ tA tA~ tOP t .C.l t <;l t \) 1 •t ltQ2 t A2 , c;.t · ~£ • VP • vTA ! t.IT thlbVC 
(C~MON O t XO t XF tGXtALPHAtUETA t 50 t f tH t V tO t~X t OT t lt TC t iftNtF6 tFC td 
co.'IQ10N r-i , f\M , ;..;.v·i •L, 1 , PL.~v .ovt . vA. Jc, '"' , c;J . r...t. cu 
CO~ON HAttiMtW-htH t Vl t NPT t HH t Gt CJ I 
CC .. 'LKUN lHE. lA ti>P t "- t \)iPThtVC 
VT= ( Vl l+i ) +VI J - l J J • C . 5 
Hfc (I"U 1+1 J+HI I -1 11 * 0 • 'J 

hd:. t AK:t. . o•At ANt 1 1 ::.~.oR 1 F ~ v :.nT-tH* ... L ) J 11 v•o .S- h l J J 
If I H•ETAI lol oZ 
TnfTA•0 . 2o ~lo +TH~ T A 
A• v . l2Sttl THl TA-~ 1 NF l l'nt.. J,\J) *I L>•~)) 
WP•O*t. • ~* THETA 

Re.At"P 
6~0• S INFIThETA*t• ~l 
Al 2 /t./(VT *ol 
01 =1. 0 /VT 
A.C.:VT *ALt:' rlA.J(;:R. 
SF~.l25•F*bZ *Vl •~T/~ 

U =SF - :.0 
RETuRN 
tHo) 

StreROOTTNE FOR COIPIJTING OEPnl ~ VELOCITY AT EHD OF TIHB I.mERYAL 
SUaROUTINE COMPTE 
DIMENS I ON TCilOOio 0 11 2001 
01M(~5ION Cl 4 001 t Mf4CGl t V l4001 
OIIIEN~ION GIHv l 
COMNO~ DN t Hl tA , AF .oP tAltCl , D! t l: l • oi tAt. , (.:: tl:.t t VPu.IT At wT • tfX t UC 
CON>ION Ct XO,XF tGR t ALPHAtoEl At .S.Ot f tHtV tO, ..,_., t Of , 1 • TOt TF • N tfb tfC tO 
C.OM.MVh l'<. t MM t l-!1-lMtl tltPI:..~lJ t Oi>T t VA t h n h .., t V I •fii14.JCO 
CUMH~N HA t HK t VMtHTtVT t NPT t HM t Gtull 
COM14VI'i THlTA • IIIIP t "- t Ot.PTht VC 
CVHMv t-1 \..MAXI4001 t Y"'.AJC I40V J t hi'4A.( (40U I 
COHH~N T~XAXI~C~It i~MA~(4QO) •TnMAAC ~VOI 
tH J ) ~HT:..IlH I ( 2 • O*l>X• Dl) l • CA 1 * t V ( I+ 1 l -V ll-1 J 1 + I hI I + 11 - ttt I - 1 ) I J 
VI I ) =V1 - I Dl /£)2 I * C CA2* C 'V ( J + 1 J -Vt 1- J II •HC 1+1 I - M I 1-11 l I I 2 • O* OX H·l:.21 
VP•Y(I I 
Q( I ) ..- VC 1 J • A 
IF I HII ! . LT . ri'IAXI IJl GO TO 
HHAX CII • Hill 
Tti·MAX I I I •T 
I f IVt l l oL T. VKAXIIII GO TO 
VMAX I l P 1 V t l ) 
lVMAJI.I ll;;;f 
JF IOIJI ,LT .. WMAXIlll GO TO 
QMAXItl a Qil l 
TOMA.X C I I • T 
~ ETURN 

END 

SUBROOTINE FOR ali4PUTINC NORMAL QEPnl 

<.Oc. 
cvt 
COE 
CVE 4 

C\ll ) 
COE b 
COE 7 
COE o 
c.:,.:. ; 
CvE 1 0 
eve. .L l 
CVE '" 
cv~ 1 :, 
eve .,. 
(\Jt. 1 ' 
eve. i b 
C<lE 17 
coc: lb 
cu~ 1~ 
CO£ ZO 
CGE ~l 

COi .t.L 

Cv< 
eve. 
CVL (;;) 

CO>< 
CO>< 
CQ,"'ii :; 
(\)..! 4 
co ... , 
CUM • co .. I 

cv~ 

(Vl'1 

Cut-. •0 
cu ... l l 
CU>t 12 
cu.Jo ll 
C<M 14 
(0f1 I> 
co.-.. i 6 
CUM 17 
COM l o 
cc.~ I • 
Cv..O <0 
cu ... <I 
Cva~l •• 
co~, d 
COl~ <4 
COM ~; 

COM zc..~ 

SUBROUTINE ONO~M ON~ 
DIMENSION TOIZOO> o OIIZOOI 0~0 
OIMEN~ION Of 4 0 01 t HI4COit \lt ltOOI b NC, 
OIMEN~ION Gl3301 O~V 
COMMON Of't t Hl t At AP ,,_,p . Al t (l t LH tc. l to..:: tA£ ''" •ti t 'IP •vTA t ..,. J t n.< t VC C111J 
COHMuN D • XOtXF tGKtALPHA tdETA • SUtF tH t Y ,~ . ~~tOT t l•f~,IF ,h•fo •FC t ~ D~v 
COMHCIN M tMH ,MMt~t L.tltPEROtOOT ,VA t iU , TI.itOltN~.o!CV Dto.O 
COMMON hA tHHtVM tHltVT t NPTt~N.G , Qil ONV d 
COHM~N JHETA . WP t HtO~PTM t VC ONO ~ 
THEJA52 .0•ATAN,CISORTF(O•Hl-Hl **Z I) / ( 0*0 • ~-Mll) 0~0 10 
J F ITHETA I 2 , 3 ,.3 OMJ 11 
THfJA$6 . 283l~+THETA ONU 1~ 
A~0. 125• 1 TH£TA~SlNFtTH(TAJJ•tO•OJ O~u 13 
WP•f0. 5*0I • THETA 0~0 1~ 
R• A)w-P Ot~oV };) 
d•~•SJNFffHfl~*O • ,) ~Nv lo 
O~•ri 1-I ~P-IF•~J l•~JJt/ld .O•~H~~V•R•~•A JJ/41l •U•oJ/~-~.L/~J~~f TntTA~~v 1 7 

1•0.5 J J i),~..., J(j 
IF fA6SF ION,-tHJ-0 . 0001 J 7 , 4,4 01'tv lY. 
IF tO-ONJ S • ~• f ONU ~0 
ON• OH• O. S OhO 2 1 
GO TO ~ DNO 2 2 
H l •Ok O•"<J 23 
~0 TO l ONV 2 4 
R E TURN DNV Ot:; 
END o.-... o c:6-

SUBROUTINE FOR COIP\IT!NG INITIAl. toNDITIOH 

SUbROUTINE lhC0NO 
DIMEN~ION T~l200 ! o 0112001 
0 1M€~~10N ~140C i t a( '~~-· Vf~O~l • · ·~~~~ 

,,,, 
INC 
l i'\C 

C(.;,..Jol01'4 Ol'hHltA t AP t OP tAltC l t &l t c.l t o~ ,..:.,411 , (~ t E-4: tVPt..,.l A t .... l t nX t vC 
COMMON 01A t XO t XF t ~R . ALPMA ,~ETAt~O,F t D t Vt~tOX t 01 ti , TU t lf t N t Fb t FCtd 
COMMON f•hNM tKH~ltl t J , Pf.RO t OOT • VA , lOt TI.J t OI u\~Ct.l 

I~C 

ll'iC 
INC 
INC 
INC 
I NC 
lt<C 
lt'\( 

li'tC 
l •iC 
I~C 

I·•C ,,. .. , 

6 
7 

5 
6 
7 
8 
9 
1 0 

II 
12 
13 

14 

15 

1 6 

COMMON HA. t H~t Vf"' tHT t VT tNP T ttithX t OB 
CCAA.ON THETAt~P tRtOEPTH t VC 
OTOl•O. OOCOI 
lf tON- OCI ltl t 2 
~·I 
GO To 17 
Ol t.- CON+t...CJ • (. , ; 
Of.Plrt•.OC 
CAll ORCl< 
VV•C.o/A. 
VH•l VV*VV J/IZ,o• GRJ 
S l •F•VH/(4 , 0 •R) 
EEl •OC+ALPHA* VH 
012•N+II =OC 
OCZ• t<i+li•C.O 
Vf2ilth+U = VV 
NCOU~T · ~ 
DO lb L lll'ltk 
O~PJn•OII'I 
CALL CIRCLE 
HFTH•() . ;•THE.TA 
Olrltt-4 . C/(01A*Sl NF (hf l rlll 
OAREA•V• l~5•V1 A*~lA• Ct.~-Cu5i ftri~TA)) *~lnL( 
OW•O.S•DJA*OlHE T 
ORA•t~P*DAREA-A• Owt/t~P•wPJ 

OCNG= l · O-f08*U6/IGk•tA••3JIJ• OAREA 
OSLOc-f *~~-~o*(2 •C*R *A•UARiA+tA••21 •~R"I /C8 .0*Y~*Cfk~A4*21 • *21 ) 
Vli•OcUA 
Vh&CVV•~VJ/Il . O•UMI 
S2•f • VH/1 4.0 *N.) 
SF • t 5l+SZ ) *0 • 5 
Ei:.ZsOJI't+ALPrtA*VH 
friATJO•CEt2-L€1 •2 •0 •vA* f SO-S~II / (C~Nv+{tL~- ~ ~ lJ*vSLV/ (~V-~r ) J 

liCOl\•01 N- FRA II 0 
l F COC.OK I ) , ~ , 6 
WRIT E l &ol 91 
GO TO 18 
OCOM•ABSF IDCOMI 
If IAdSf!DCO><- OJIO-OTOl l l~ o lS o 7 
IF f O. H2*01A- DCOMI 8,14 t l4 
Olrt:ttJ(Op.,•O . ~ 

I F ( O .~<•UJA-DINI l OoiO oll 
D ltt•i>lN•O . ~ 
N~Ov!IT•IICOVNJ+I 

GO TO 9 
IF lttC0Uf'.tT-2VJ lZ tl ~ t l ;, 

GO T.O 3 
WRIT( l .&oZOI 
GO TO 18 
OlN•OC.OM 
GO TO 3 
OtH•OCOM 
Sl•S2 
t'tl•E:fL 
l1•2 • CN- LI+l 
O!lli•OIH 
VI II J•VV 
Ot If ••OS 
CONTI HUE 
GO TO 18 

17 WR/Jf (6 , 21J ~ 
1 8 RETUP. ' c-----
19 F0k MAT I • OCU~ EYUALS ~ERO • t 
lO FORfo1AJ 12~H 02 MUCH GRc;.A TER TttA~ OI AI 
21 FoHMAT I • STUP •,Jj J 

ENO 

l hC .. ,, 
J NC 
INC 
I ii!C 
l ~C 
Jr.C 
li\( 
; (K 

I ••C 
l ;.c ,, .. , 
(l-.( 

l t<C 
I NC 
I •\oC 
I NC 
l•\ C 
I NC 
ll't( 
ll't( 

!~C 

II'•C 
II'IC 
I~C 
I NC 
I NC 
u .. c 
INC 
I ~C 
)1'4( 

l•~C 
lt'H.: 
I t~C. 
INC 
lrtC 
I"C 
INC 
It'll( 

1/'oC 
I ICC 
INC 
1/'oC 
l h ( 

1/'oC 
Jii C 

"'' INC 

• 
' i (, 

I I 
ll ., 
•• ., ,. 
17 
lo 
19 
<a 
ll 
<< 
<3 .. 
<0 

·~ <7 
<O 

•• 
~0 

>I 
;. 
33 
>4 
~, 

>0 

>7 

, 
·~ 41 

•• 
~3 

•• .,, 
46 
•7 .. '\ .. . 
>0 
>I 
,~ 

!>) 

5 4 , 
~b 
>1 ,. ,. 
·~ ol 

•• •• •• 
H INC 

INC ..... , &o 
61 

fltC ,,., 
''"' INC 
J, ... c 
Jf'li( 

•• .. 
70 
11 
1 . 
1> 



A.l.3. DEFINITION OF VARIABLES 

NAME OFFINIJION ~TAT(M{hT NUillld(~ 
A a.Af'A nF Ct,;)CUlAQ S((,MlNT 0"10 13 OCI< 13 CnE 15 ~n l ;>3 IL HI I<ST li!l 

110? i2 ~Ol '1 CJR 12 I ll HI kST '>3 901 HI 
ALPHA VFl . lliST~J ijUTION COEf .-E><E~t;y hS T 24 IXOX PRINT OUT l iKI T N~T 4b 
AP AREA OF CIRCillAR SfG14fNT ~0? 11 K HI NST ij2 NST <13 INC II 
AX AREA nf CIIICULAII $fU"fNT l'O I 33 M NO. OF COKPVTATION INTERVALS NST ~0 

61 COEFFJC lf'H ror. ,q HM NO . OF COMPUTATION POSITIONS "1ST bl' 
A2 COEffl CIF•<T cor 21 Knl ?6 MHH NO . Of COMPUTATION INTf.RVALS N~T b) 

8 FREE-~IJIIHCE WIDTH ""ICI 16 OCR 1 4 CO£ 18 1'02 23 N NO. OF LENGTH INTERVALS N~T ~3 

~oi 3~ C!~ 15 NCOUHT Ill ... c 23 I ~C o;o 
RETA VEt. . OI~TRIRUT !ON COH . -fiOJ<ENTU~ "~' i5 NPG 1\ I ... ~, 118 
RP fPEE-~URfACE viOTH 1<0? IR NPO Ill ~·" .. 5 
82 COf.FFJ CIFNT H~T II NT Ill f~~r ~2 NST <9 ,.q 9~ 

CTN COTl~ENT Of l/2 THETA ~tl2 .,., Nl PRINTOUT INTfRVAL NST u 
Cl COEffiCIEN T ,.Jt.; l i'l PERD 121 NST • 1 NS1 <, I 
Cl' COUFICIEJIT .... ! JZ PNI 121 N!l'l ~0 
0 OIAMET£R OF CONOOIT .. ~, iO ltJC ?0 tooC 1>2 PNZ 121 "Sl ~I 
DAREA OFRIVAf JYr Of AU(& ~If~ OEPTH INC ?'I I'Nl 12) 1'51 Yl 
OAX DERIVATIVE Of ARPA ~ITH OEPTH "Ol )b Q DISCHARGE INC ~I INC ~~ ""' 15 ROI 43 
DC CRITICAl OEPTH OCR 15 ~02 >9 an? • o 
OCOH CO~PUTEO OfPTH H it; •o INC 44 QA DISCHARGE N5T 97 
0£NG OE~IVATIVE Of ENGE"Y "ITH ~PTH INC ll Qll DISCHARGE ~~' J7 
DEPTH AS~""EO OFPTH Of f lOW INC I• lt.IC ~s QN OJ 5CHAIIGE N5T I DD 
DIN INITIAL O[PTH ASSUMED INf 13 INC 4 7 I ..C -~ INC 56 Q"AX NA~. DISCHARGE .. ~, 17 CON >3 ~I) I 52 .. oz 49 
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APPENDIX 2 
COMPUTATIONAL DETAILS OF LAX-WENDROFF SCHEME 

A.2.1. FLOW CHART 

ldt\pth. vtl l~~~:e discharge 
at free out let 

by 
Ncwt .cn-Raphso:l i ter a tion 

Ca.pute 
.steady. non~uni {om llow 

fol' M-2 (d.rawdown ) 
(standard step a ethod) 

by 
HawtOn- Raphson iteration 

Input hydrog:r•pn coordinates 
(Q, t ) aay be selected arbi tl'arily. 

Yeo 

No 

Co~pute 
depth, velocit"y, discharge and their 

associated ti•e.s at inlet 

Subrout ine ONOR.M 

' , 
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A.2.2. FORTRAN :nz: COMPUTER PROGRAM 

MAIJI PIIDCIWI roll IJj$"I"£AD"( PLOII IY ·w -IIEKI*lFF S0£HE 

f~CU~A~ L•fh~~tlk~t .~T~UT tlAPE,•J~PUT t iAPlO:~fPult 
o1~~~IOII l .. <nto~o ¥1133001 
OIKEfii~ION: WI-"~:,. , Hf4C..01t Vl4t00) 
iii"EIISI~ C. I ))01 
(CA4.H.)r-. Cf\ t Hl t A t AP t OP t Al , ( l t Ol t f 1 t 02 t Ai tC.r. , £2 tV'P t L t A tOT t ho t t.lC 
C~h Ot ~o . xF • ""'- u\LPHA• bt.TA t .SO t f ' ""'V ' "' ,Jx , Cl • t • 1Ct lf . thFbtFC t O 
(VfV....,i\ M.,"" ' ''•'4h • L t l t tiEI<O t O->f , y4 , Hi t 1'- t Wi t t\WC\i 
C.o..MOfl.. tt.A•t1"' t VMtHT , vf t hPT t Hrif(JtOI t 
CVHM\.ON T,c. TA ,.,,> ," t utPTn t V( t J t hl'\ t VI'i 
(~~k ~~AXI~~~) ~ ~~A~14~C ) tMMAAC4tvl 
CvH.Y..VN TCu~AXt4C\r) t fVto!i;U.C4001 t TN11AA(ltt.ICil 
lfrllf[\Jl,i!( fu,t" 
00 l l •l t 4CO 
Ht'.AlC I ll •t. 
VMAX( I • •: 
OMAXt 1 I•~ 

I COMII NUE 
C--- - -INPUT whl(n MAY ol A•I•MEO 

O•Z o92oZ 
S(,aO . UO\ 
Oo:)CJ , 
T•u , u 
xo•o . o 
Xf•ti2l . lC 
F•O. Cl l 
At..PHA• l.<iO 
8£1 A•l . 30 
UR•l.l: ,l l~ 
ttl•o . c.•o 
10•1 

( -----tNv OF INP~I WhiCH ~AY at A•TtRE~ 
C----71NllAL ti~E • f'~AL TtM~ t l~TlAL HtlGnT • hUkoER Ot PUI~T5 PlK ~~N 

10•0· 
tr~:loo . 

h•lGo 
Nl•fHl 
IXOX•l 
hP0•6 
F8•0 . I 09)94 
FC•-~ . ll9•~~t 

NT•NPO 
C--- - - CALCU.ATICM OF CRI TI CAL All~ NORHAL OEPIH AI bA~l FL~~ 

OI I•Oo 
,A.l 01\0R>I 
OX•DN 
llMJo•~H 

CALL OCRII 
O<OB•DC 
XL •XF-X0-;41 , ~ •OC 

FO•SORTF tC.R• A/111 
fM•N 

C- - ---CALCULATION OF 01 FRO" HAXIH~H vE•C.CITY A~O HAXIMUH ~E IC.hl 
OX•XL/FH 
RA•l . 0/12· C•VCl 
OT•RA• OX 
OT•O f • 0 . 5 
00 I J •2 • )300 
C~LL I NFLU~ 
H<..CU•J 
CCNIINU[ 
wRITt Cb olll ONC.o.l oOCGd oON oDC 
'IIIIRITE 46 t l2 1 ~t. OXtOT t XO e XF , fO t lf t SO tO t F 
~R lT£ l6t ll l RAt Hl tPERU t F8 t fC 

C---- - CALCULAII ON OF INITIAL CONOIIIOIIS 
C- - - - -HE IC.HTS AI PARTICULAR OISTANCtS FR~ IIlLo! ENC 

CAL• INCONO 
01A• t>t 

J IF lNPO-HT) .. , 4 ,0 
4 MIIIT~ Cf> ol 41 I 

HT•O 
MRITE lbol~l 
DO 5 l• ltNl tlXOX 
WRITE lf>olbl l oo<lll oVCII oOCII 
CONTINUE 

L•l 
Lol 
L• l 
L~l 
La! 
Llol 
La I ..... , 
Lol 

'"""'' L• l 
Lol 
L~ l 

L•T 
L-"l 
La I 
LoT 
Lo l 
L• l 
Lol 
L • l 
L"l 
Lo l 
LoT 
L• T 
Lol 
L• l 
LoT 
L• l 
LoT 
L.-1 
La I 
••• LoT 
Lo l 
Lol .. , 
L•l 
LoT 
l•l 
L~l 
La"l 
ul 
Lol 
l•l 
Lol 
Lol 
LoT 

"'"'' LoT 
L•l 
LoT 
L"l 
LoT 
L•T 
Lol 
L•l 
Lt~r T 
Lol ··I \.'~~of 
LWI 
Ll• l 
Lt~iT 

Lol 
L•l 
L•l 
LoT 
Lo T 
L•T 
LoT 
Llol 
• • T 
La I 

Q 

I . 
• 0 
II 
it 
l l 
14 
~~ 

lb 
17 
lo 
~~ 

.o 
£1 
« 
0 

•• 
-~ t6 
l7 
•• 
t 9 
~~~ 
11 
>< , 
, .. 
>~ ,. ,, 
•• 
>9 
•c 
41 

•• 
4) ... .. 
~0 .. , ... 
4~ 

>0 
~I 
)t 

~; 

~· ,, ,., 
>1 
)0 

~· bO 
bl 
bi 
bl 
6 4 
b> 
bb 
ol 
bo 
b9 
10 
11 
7t 
l) 

74 

HT•NT+l 
T• T+Ot• 
OA•OI2l 
HA=Hl21 
'!IA•VCZt 
Q"'•VCNJ 
KH•H(,.) 
VH•VU~) 

ONc(;(~+ ll 

Hfll•fit*'+ll 
VH•V(H+lJ 
CO 7 1•2• N 

C-----CALCULAIION OF CCEFFIClo~TS ~~ S~UIJOM Or OlffERthCE t~ATIOhS 
CA•L COlO 
CALL CI>Ht>TE 

1 CONII~U£ 
C-----CALC~~TI~N ~F I~LcT ovO~~A~Y CUh~ITI~~~ 

CA•L D~~~ 
Ho•Hr. 

C-----CAL(U~TlVk ~f uUJLil o~UNVAHY (v~VIlJV~) 
CAL. a0~2 
If lff'-1) &, J , ) 
COI'ITINVE 
NPG•Nl/'!10 +1 
00 9 lll •l • ~PC. 
I 1•50• 111-49 
ll•ll+lt9 
•R i lE 16 ol 71 
I'I'RilE c b, l bl 
()0 9 l•ll tiL 
X• IJ-l J *OX 
Wt<ll E (b tl9 } )ht11•1~X t I I t lttHAX C 1) t \I'Z..A.C.l I J tfVM Ail I t V..,.AA I t) t f'-~U~Jtt It 
IF CI. E~.NI) C.O TO 10 
CCNTINUl 

10 CAL • lXll e-----
ll FOIUU J l • l DI\t.B = • E.lb . tl/1 • DCV& :- • £16, 0 // 

12 

I) 

1• 
~~ 
lb 
IT 
18 

19 

1 * DNPF ~ • El6. 8/ / * DCPF a • El6 , 6/J 
FOf<MAl t • fr4 • • t'SII 

1 • Ol • * E l6.8// 
~ • Dl ~ • El 6 . afl 
) • X~ ~ • E16 t ti// 
4 • Xf • • £16 . 0// 
S • TO a • Elb eO// 
6 ~ Tf • *[ 16. 8// 
7 • so • • £16 . 8// 
6 • 0 • • E16. o// 
9 • F • • £16 . 8/. 

FORNAl C• RA • • E16, 8// 
1 • H1 ~ • E16. 0// 
2 • PERD • • E l6 , a/l 
l • F6 • • £16. 0// 
Ill • FC • • E 16. tlJ 

fOKHAT (1H1 t 1rlTJ~( IS t ~lb .a t ~M S~C . I 

'O~W.T ( 2~ olKPkl ol l.JI ollihol7X o1HV•l7X oiH!.I 
FOrd"...A 1 ( l Jt, Jfl. . 2x t fl6 , b t "X , E lo. o , "X ec 16. b) 
FORMAl 111• 1 HAXIMu>l VALUES AND Tl"eS AT t.ACU LI.>CAIIC.I< • /1) 
fORMAl I* DISTANC~ MAX DEPTH TIME MAX VtL l i ME 

I TIME• 1 
FORMAT IF-6 , 2 t li4X tF6 . 2 t 2X ef7 . 2J) 
EMQ 

"AX ~ 

SUBRCXJTINE FOR <XMPI1TIHG CE<HmUC PAIWETERS OP CIRCULAR SEGMENT 

SUoROUIINE CIRCLE 
D I HEN~ION TviJJOOI• vll l3001 
OIM~N$10N ~C,OOJ • O(~GO)t V(~00 )• Xll)O) 
C~MM~N ON • H1 tA tAP,oP , Al t Cl . v1 r fl t Ui • A~ . c~ , f~ • VP •VlA •W itho • ~' 
COMMOH OI AtXOt Xf tGRt ALPHAtdETA t SO t f t UtVtwtOX t Ul t TeJO t TF tNt f Ut FC t b 
COMMON MtMH t~Mt l t l t P~RO .OOT tVAtlO t lY tOi t H~C~ 
COMMON HA tHMtVMtHTtVT tNPT tHrit X tO~ 

COMMON THElAtKP t R tO~PTH t VC eJ tHNtVH 
THETA•2oO*AlANF IC~QRTF IDIA*OEPTH-OlPTH* *211/IDIAI2 • 0-DEP IHI I 

If IIHEIA I 1•2 •2 
THETA•6 , 28)18+THETA 
A•O o i2~• 1 THETA-SlNFITHE TA I1 * 10 l A*~IAI 
WP• COJ A/ 2 , 0) • JHfTA 
R.•A/wP 
~·VIA•~lNF I THETA/t • CI 
REI URI< 
ENI> 

Lrvl 7) 
LttT l b 
Lt~~~l 77 

~· ' 19 Lflol 1'Y 
L~~ol b(l 
L • l ol 
..... 04. 

L • l o~ 
L\ol 1>• 
L a l o) 
L • l ao 
L>ll 1>7 
L • l •• .... , -~ 
L• l YO 
L"' T ,, 
Lt~~T .,.~ 
Lt~~ f .., _, 
L lfll l ,.~ 

LW• 1 'II) 
..... , '!lib 
l lfll l .,7 
... .... "'0 
l 'ft l ~y 

· ~I 1(10 
LoT 101 
L!'t I 104: 

l "' '"" i.. jii> T lU'-
L t~o l '0~ 
L. 'WT 10CJ 
lYrT 1U1 
t.. wT lOa 
L A l lOY 
1.~1 IIC 
••I 111 
... T 112 
... , 113 
\.~ 1 11ft 
Lifril li) 
Ltd ilo 
1.•1 117 
L1td &&o 

Llll'l 119 
L 111l 14:0 
t..tr~oT 1~ 1 
L~l lii 
L•T 123 
L 111 l ll' 
Llfll'l 1(:~ 

LMl 1~., 
L•l 1~7 

Llfll'l l4:o ' ... 
LWT I<~ 
lill J llO 
U tT 1.>1 
LwT 1.>~ 
L• I 1.>1 
I.. 'Wl 1.> .. 
lWI 1)~-

CIH 
(II< '" 
Cl ~ l 
C l ~ 
Cl~ 

ClM ~ 
CIK 7 
CIH o 
Cl R 9 
Cl M 10 
CIR II 
CIR I< 
C l ~ I> 
C l K 1~ 
CJ" 1:) 
(11< lo 
ClH 17-



"" U1 

SUBAOOTI~ti FOR W I£'\ITJHG JW IT IAL o:JNOITI~ 

SUdH~TINl I~Cv~~ 
O ll·•~fi,5,JV,'t lvl)J,..,OI t v l 133'-Vl 
OlMf~~~J~ ~c~~~J, ~~~:tJ . ~ ·~~UI• lCJ30J 
C.Vh>i..,., o: .. , ,.., , A.,/.P .o.,. • Al •<) , \<1 .~ 1 •c2 , ;..2 .cc: • .r. ~ .v~ ..... fA , ul ·~·"' 
C(Ao.\f(it\ DtA .xo. xF . G~ ,ALPHA, oE t A . so. F , .; .v • .:. .ux. .ot, r . rc . fF , :-, ,r~ .rc . ~ 
((,~"4{i" i- . ....... . .. ·~ ·L • ltPER;),O\)l t V4' IC. (\;. t V I tho.~Ctl 
CVJ.i·-t...,f\ nA t N .- , y._. tHl t •Jl tf4P T t hh , .A ,c.: a 
c~.·:'.1....h tHl r ~ , ,.~ • k . .... a:.PTH • vc , J , H'~ • '-' h 
010L"" ... . vo~..rC1 
C.Lt.v=== iOC , C 
)..Ad• . Sc•o..:: 
i:.~t.V=l:.Lt.V-t$(.,<tAA 

IF t0~-0<:1 1 • 1 • 4: 
~· I 

Gv ''"' 11 
01~•1 . 7~•()( 
DEPJtl;o)< 
CAL L CIRC L( 
'IIV'fll(..u/A 
VHt. f W'*V\1 ~ I C l , C •Gh 1 
~ l •F•._.rt/14 . 0 •~1 

ll l =-~.;(fALPhA •Vn 
XUH·li ; Af-XX 
t;tN-. LJ~VC 
(IICtHtJ::Co 
VO\j+ll =VV 
N(VU:\1 • "" 

00 \b L =- 1 t N 
XX•XXti)X 
0£PTtl; uiN 
CALL CIRCLE 
Hf 1H~C . ~ • T HEI~ 
OTt-tt.J :;" • UI U,J,l,•.$JNt I hi" Irq I 
VA~~A•O . lL) •~a~ •vJ~• tl . O-C-~rtiMLIAtl •~•n~T 

O•:&O . ::J• Olk• ""fnr.T 
vP:&O . ~~DJ"• Th£ 1/o. 
V"A~tA~·~Ah["-A • ~•IIl~~•«PI 
OENY•l . ;..- (C.o • wo/1 (J,.. .. (1<* ~31 I I•V~~t.A 
OSLO~-F ·~~·~o• I2 · 0•A •A*DAK~~+IA~•11 •VRAI/ti ,O• ~~ · ftk•A • • 2) •• i l l 
VV•C8/A 
VH;(VV•VV I /t2 .~ •GRl 

S2•F• vrv C4 , o • RJ 
Sf•tSl• SZ)/2 · 0 
Ec.2•DIN+ALPttA• Vrt 
f~A J 10= t £1:.2-cc.l•t..~• I ::,.(1-~f' I 1/ t OL.HC.+ I t.ll - lt.l J • ":;.L\,#/1 :.u-~f I I 
DCOII;OI~-f~ATIU 

If IOCOI-;1 '),eo , o 
... ktlE l& tl 91 
<;0 TO 1& 

> OCOM•Ad~FI DCv~l 
6 I f. I Ab~t-IOCO~-LIIN I-OfOl l l) • l~ • i' 
1 I F I O ,b2 t~ C J A-O(Ot-11 8 t l~ , 14 
8 D I N•.XCMJ2 , 0 
9 IF 1() , 82 • DIA-OINI IO oiO ol l 
10 DIN• DIH/2 , 0 

NCOuNJ~::h(OVhl • l 
GO TO ~ 

11 JF lh"CVt.Jiotl -~l.Jt l~ t lL t l.> 

12 GO Tt:. 3 
lJ ~R I T~ lo • ~ U I 

GO TO If 
l Ct OtN•OCOM 

()0 TO 3 
15 0 IN• CCOM 

51•52 
EEJ;E£< 
ll•f.l- l+1 
XI II I ; Xf-XX 
0 1 I.J I '~~'DIIt 
V I I l l ; y' 
v t Ill;«& 

1~ Cvi>Jll<l,E 
GO To I& 

17 ~~I TE C6 , l!l ~ 
18 ~E TU~H 

<-----
19 rORHAT 1• DCOK EG~Al~ ZE~O * I 
l O feRMAT t2~H ~2 MUln ~RcAT(R ThAh ~~·~ 
21 Fv~K~T I • ~~~p • •I ll 

tf~l) 

11\C ..... , 
IIIC 
INC 
INC 
INC 
INC 
... c 
INC 
I NC 

'"' , ... c ,,,, , ... , 
lhC 
II<C 
INC 
lNC ., .. , 
. .... c 
II\~ 
lh( .,,, 
INC 
II.C .. ,, 
I~>C 

INC 
INC 
II<C 
lNC 
lhC ,,,, 
I~C ...... 
·~l lhl 
lhC 
INC 
INC 
I ftC 
I NC 
. ... c. 
INC 
lhC 
InC 
I.<C 
I roC 
I~C 

I NC 
IN{ 
II~( 

INC 
II>IC 
II<C 
IHC 
IN<. ... , 
.... c 
li'4(. 

I NC 
INC 
INC 
INC 
INC 
INC 
INC 
INC .,., 
11-tC 
INl 
INC 
INC 
I NC 
II•C 
INC 
INC 
lA{ 
INC 
I NC 

3 

• 
~ 

0 

I 

•0 
II ,, .. 
I• ., 
lb 
17 .. 
h 
LO 

" 
... 
0 

Lo 
<1 
Ld 

'" .o 
31 
>< ,, 
, 
>o 
>I 
>O , ... 
<oO 
41 
4L 
~. ... ., 
. 1 
~0 ... 
>0 
~I 
~L 

~J 
;. 
~; 

>o 
,y ,. ,, 
oO 
o l 
bL 
63 
6• 

·~ ... 
o l ... 
OY 
70 
71 
7< 
7> 
H 
H 
76 
77 
7o 
h 
oO-

SUBROUTINE POR <XlMPl/TJNG INFLOW IIYDROGRAPH 

SUBROUT INE I NfLCw 1 Nf 
DIMENSICN JQ())001 • CII33CCI INF 
D IMENSION WC40~l , kiCi.VOJ t VC"-00) JNF 
gJI1EM I ON (ii})OI lo~F 
((IM,.\t(ik 0..\ t hl t A t AP 11UP t o'\} t C 1 t ..Ji t ~ l t O£ t A& t (, tL' t o/P , (.. lA t W J t hO t U( l f'llf 
(tl:;t;oCLN ;i ,),Q , Af • I.Jk t ALPniuoE l A · ~Ot f t n t V , .,. ' "'" , i)f t I ' Hit If t N t fo t fC.. • u lhf 
CvMvil. ;.., .. .~. .~.l t ltP'E-<\) ,(Nf,VA t J ... ,r..,. ,.-.. l , ,__.c.u lid· 
Cvf.\M(;..l't fiA t HM t VM •hl t lt/f • r.-1-'1 t rtn • ili • Wo lNF 
CUM..\40H Ttit..TA • ~>~ t K u),PlthVCtJ t~1N t 'llh l Nf 
00• 10 . 0 )l'ft-

f P;ICOoO lf<r 
TG•I~O. O JNF 
UU;T P/CTG-TPI INf 
AJ •J lr.F 
TQIJP•IAJ- t . OJ • OT JHf 
Dl IJI :~:OC+CO• t£JCPf C-1 TCtJ 1- TP Ill tG-JP I I I • f TWIJ) /lP 1 • • ... v JNF 
RETURN l t<f 
END I "'F 

SUIAOOTIN! fOR CQ4Pl/TING IIEPlll 6 VELOCITY AT DID np TIME H<l'EllVAI. 

S.JORCltli Nc. '""'pIt:. cu,., 
D I MEI<~I ON C. U JC/ 1 C'-'•'' 
OI Mtf"t;!l.lVN l i.I(JJCU I• ult .> )00) (Va-l 
OIMEr.Sl(.IN C.dltOCd ' H( 'f(.U I • 'ltftO\oi I CV..., 
CUHI't\1,._ DN t til t A t AP t brl t Al t (l ,. .;,, t c.l to4: t A.C t C.t. ,, ~ ,. 1/P t VT ~twl • no • lJ( (VI"'I 
CO~ON U, A..;, t Af t G"" t ALPhl'\. t t>£ TA • SO t f th • II , \;, t JA t OT t T • Hi • 1 F , .-. ,. FO t FC t O Cvt4 
COMMGH Kt toa4t ,.,.... , L t i • Pf r\i> , OOi t V4t lC..•Tw ,wo l • t.o.oCU COM 
COMHC»rl tiA t HH t VH t hl ,. yJ t N:PT t hr1 t .O:uClll COM 
COHHO~ TH£T~ taP tA tOtPtn .VC tJ tH~ t V~ COM 
(OMHOH OMAX t•OOi t V"AXI ~OOJ tHHAXt-OOt COM 
COMHO~ TOMAX C4COi t T~KAX I40CJ t T MMAXI400 1 COM 
ll•OT /DX CU"' 
l 2 a A./b (01•1 

l~;ALP11.A/ot TA ' '"''1 

t 4 aURibt. T ~ (VI"• 
hI I J •h( I, -0. ~ • L 1 • C l2 • IV I 1+1 t -VI l -11 H ·V I II • l.., t l • 1 J -rtC 1-1 t J I • • ~ • It l • Cv;o• 

ll l l • l ll:; .. l . OI • 'V t Jl • ll• IV I I + 1) -z , o • VI I ) + VI 1- 11) + CL2 * l4 +Vt I J **Z I • tnt COlo\ 
21+1 ) - .Z . O• ,.H 11.,.,1 1-1111 CUH 

Vt t I = Vt 1 1-0. ~ •tt • tl)•V( II • IVC l+li-Vtl - lll • l4 • 1nll,.ll- hll - 1 I h2 t O• .:KO" 
lX • Z4•f21tO, ~ •ll • l. l • l t.l3 • ll • VC 1 l • • 2+llt • l2) •c 1/C l • l l •l• 0 " tl( I J • V f 1- 11 tCOM 
2 + ( Z3"' l • C J * Z4 • Vf I I * tHI I + 1 l - 2 . O• I'•U I J+ttl 1-1 I II CUI>'i 

DIl l • VII 1 • A COl< 
IF (HIJJ , LT , HMAXOI J &0 TO l ( Ul .. 
HMAX (JJ•Hf iJ CUM 
THMAX tiJ .. ] CV"" 
IF IVtO . LT.Vf>tA). (I H ()0 TO 2: Cu""" 
VhAAfll•VIII CUPI 
TVI<.AXtlt•l C~ 
IF l;jCJt . L J , 'WtAIUIIJ GO tO l CC...t'l 
CiHAXIll • Olll COK 
fOHAX tlJ• l Cv M 
RE TUHN C.JH 
ENO COt4 

SUIIAO\tri NE fOR COMPUTING o:JtiFFICIBNTS lM DIFPF.A£NCI! EqUATIONS 

~Uti ROUT INt CD( I> Cv• 
O IMEh~I ON TI.C3>001 • C.ICHOOI CuC: 
OIMENSiwt Gltttl(,l , hi Jt\JOJ , VC40(;J (u£ 
OIHEN510N Gl HOI COE 
COMMON DN • Hl tAtAP t oP •A1 t C1t 0ltcl t o2 t A2 •C~ ti2 t~P , ~lA t~TtnO , uc COf 
COMMON OtXOtXf tGR tALPriA t bETA tSO t f tH t V tOt~XtOT t ft T~ tf f • N tfo tf C t O CO( 
COr-IMON .,.l t MK tfi\HMt l tl tPl~OtOOi tVA tl O •f(., tOlthO(&) COt. 
COfolMCN HA t HMt VM tHl •Vl t NF- T,. Mn t (ttO I J COE 
COMMV~ THET A t~P tR tVtPTn t V( t J tHN t VN CU~ 
THE1A•2 . G*ATAHFII~~R1FtU•HCIJ-H i lJ • • 2JJ/i~/~ . O-niiiJI C~i 
If I THETAJ l • Z t 2 . CO~ 
Trit. TA•0 . 2ollo+ T 11t lA (~i 
A•O. l2S• (lht1A-~IHftlMilAJJ • t~•Ol CuE 
-.P•t0/2 . C, • THEfA C'-'E 
R•A/ ~tr~P CVc. 
B•0• 5 1Nf CTHETA/2 oOI COE 
AI •A/1YII l • 61 COE 
Cl•l . O COE 
ot;J1 . 0IVI 11 co~ 
El•o . o COt. 
D2• 0C.l.A/()R CIJ~ 
A2•Vt I I • ALPMA/(H( CUE 
c2 ~ 1 . 0. C~c. 
Sfe ,1 25•F•o~• vtlt • ~ ll)/rt C~c. 
Ei: • Sf • SO (uL 
RE I URI< C-.lt 
(NO { Ut 

0 

I 

I~ 

l • 
ll 
I) 

·~ I~ 
lb 
11 
l b -

.. 
7 

y 

10 
11 
l < 
l> 

·~ ., 
lb 
11 
a 
n 
2G 
d 
22 
<3 
•• 
L5 
<b 
<7 

< Y 
> 0 
> I 

'" >3 -

3 
4 , 
b 
1 

> 
iO 
ll .. 
d 
1 4 
b 
ib 
17 
l c 
IS 
lc 
<1 
LL 

d 

'" 0 
Lb 
<1-

.... 



"' 0\ 

~ 
6 

I~ 
II 

12 

13 

" 
·~ 
lb 

4 

SUUOIITI,. FOa alMPIITIIiC UPSnE»> IIOIIflWI.Y OOIIDITIOif 

~vuH~Ull~l PV~i D~i 
OlMt~~•o~ f¥1J~~VI t wlfJ30~1 ovi 
V IM~k~IVN ~~~Ovl • Hf~~~J t vc~OGJ o01 
O IHlf\.::dvN Cll.J)O) oV1 
cu""M~N Of\ •Hl •A t AP t oP , ;..1 . c 1 . ol .t: t .o~ t A.l . c~ .E~ , yp •~oil A .ut . no . uC dOl 
COMMON 0 t XO t Xf .~1< tALPriA • bElA t ;)(.ltf t fi t V .u t UA . o I . I I lCJ t If t N tib . ... , t O dOl 
CCH~Oh M tMMt~~ t L t ltPEHO ,OOT tVA • IO t f~ tWI • ~~CO 001 
COMHO~ HAtH"tVH tHtt YT tNP TthH t GtOII 60! 
COJ.IHtJN Ht l lA • •P , ;.c t -:>C:PTMt VC t J t tiN t VN HIJi 
CO~CH ~MAXC400 lt VMAXl4001 tHMAX~-OOJ BOl 
cu~·""'"'~ ru~Axt ,.vv, . tvM_AX (4l00J • Tt-IMA).C'"COl sVl 
l F I l(, . (,l . ~l.(l)) e.tJ dVJ. 
vl•viC~w(UI ovl 
c;tJ To.~ 6 ovl 
It- lf , !,l;. , l.,ll..,.t.Ak.v. l t L f , J..,th.• lH , , ,_ ovl 
lt..•l'-•1 ovl 
GO I~ I o~l 
Of •G II 50 I+ C~l I IC.+l ) - ttl I 10) J • I T- TGC l\rl 1/ t t<.C ICt•l J-lvl (;,.,I I liOl 
Hl•Hill dUl 
1HltA•2. C• ATAAfC IS~RTfCO•KC1t-nllJ • •lt l/f"ll . G-Ml21 )) DOl 
I f C tHETA I 7 t it t tl SOl 
t ktfA•o . ~ollo•t~LtA dvl 
A•v. lc~ •tlHl1A-~Ihr(tn~lA)J • t~•Ot dUl 
~P·cu,~ . ot • th~TA ov1 
K•A/.-... o\.1.&. 
A2•VIli '~~PnA/~~ o~l 
~F• . ll~*f *bl*V(li *VIi.) /1< dUl 
E<•SF-SO uul 
THETA•l , O• AtANf t l~t.RT F tL)•HL-nL. **ll 1/10/:t .. O-Hl l I bOl 
SO•SvA:fFIO* HL-HL•• ll 801 
I f tiHEIAI " 'llol l BCI 
TH~TA•6 . ~6ll••l~EI~ bOl 
AX •O. lZS• C THEtA-SINFC lr-.CTAI I * IU* UI 8Vl 
Ft1•HL.-A2 ••1 VI 3 I +VA-VIli - UT /AX I -r,;2 • OX/OT • C VI 3 I •Ql/AI.-VA.-Y I 11 J - Cl • C HAchJl 

l•HI31-t14111-.. . (.l • l.IJt• f.t CVl 
OAA.• C 0 • 0/o . o• I l • 0-CtJSf llMt r.- I I J • t. . 0/IJ* IJ* I 1.>-,c • O•nl I • • oll !>t--+4 • O •M.~ I b._,l 
FPH•l .O-CAJ-D~ ' VX/~tJ • t~t •CAA/IA~•A~IJ dvl 
MhU•hL-FM/fP~ ovl 
IF IAo~fiHkU-MLJ-OeC~COUll l~ . lltli ~vl 
hL.•HHV d~l 
GO 10 9 SOl 
Htii•H~U 601 
Otii•GT dOl 
VIII•OI/AX 6~1 
IF tHtll . lloHMAXtlll GO 10 14 61.11 
HH~XCII•Hill UVl 
THMAXC t ••T ~Ul 
I F IVti }.LI . VMA)d ltl GO TO I> 6UI 
VMAX I II•VtU ovl 
l VHAAi ll •l uvl 
I f C!..I 11 . Lt • ""t4A.II.. tltJ Vv 10 lo ovl 
OMAXIli•OIII ~01 
TOMA-l l i•T dVl 
RETURN ~vi 
EI<D t>OI 

SU&IIlUTIIiE FOR IXI6'UT!~ CRITICAL D£P111 

~uoR~IIN< OCR II D~~ 
DIMEN~ION Gt HOI O~H 
Ol Ht.NSJON \ooi4C"'I' Hl'tGOI I Vl'tO(,d IJ(.K 
OIH(H.~ION TOI ),j~OJ • VI t llOUJ OCK 

. ., 
10 
II .. 
I> 
14 .. .. 
11 
lo 
I• 
<0 
•I .. .. 
•• .. 
<0 

n 
•• .. 
30 
>I ,. , 
H 
» ,. 
>I .. ,. 
40 
"I 
•• 
4) 
44 ., 
•6 
•7 
•• 
" 
·~ >I 
~i 
)) 

•• ,,. 

COH.MON Otoi t hl t At AP t oP t Al t Cl t V1 t t.ltP-' . -..~ t C4: t t.4: tY~ tVTA t...r1 , no , u( V\.K 
(~HM~N O t AO t AF , GR tALPhA •bt.lA t SO , fth t V tw t UA tVI • ItTv tTf th t ~b t FC to O(k o 
(0H110H Mt~M t MHt>,t L tlt Pf.~~.O .. H t VA t l<..t1W t Uit#II...ICV UC.K I 
CC»otHOH HA tH~ •VM • HI , y T , NPT t Hrt.\u OII OCK 0 
COM~ON T~ETA tWP tK tDEPtH.V(,J,~NtVh OCR ~ 
T HETA•2 . 0•A1ANF CI S~RTF ID*OX-0~••2t)/ ( 0/2 .0-DX It OCR 10 
I F t lHE TA I 2 >3 • 3 OCk II 
1 M£1A•b . 2o 3 lb+ lHEIA OCri ! 4: 
A•V . l~~• ClHll~-Sl~F(THETAII • CO•OI DCK 1~ 
8 •0• S IN~I1Ht.TA1l ,CJ OCN ' ~ 
L>C•OX- to• CA•!'] I-At..Pt1A• I ld*~o.ll ) • • .C:) /VI\ J I () . (,l *l to • .- I • - ~ l - ll . v* tA•• ) t V(K l~ 

l•(.Q.S .. I THE TA/~ e CI 1/(~JNF I THt. TA/t, O) t) OCK &O 
II C AdSFI~C-UX I -O oGOOII 5 • ~ • • OC.t 17 
OX•OC 0(1( lo 
GO 10 I OC~ lj 
VC•OIIIA OCR iG 
REIURH OCR <I 
El'oO OCR Zl· 

b 

8 
9 

10 

II 

12 

4 

SUIIIlUTIHE FOR CfWI'UTI!IG llOII:tS'IltENC IOUIIOAliY OOIIDIT!Oii 

S\lbROUf 1.-.t bOH,c atu 
OIME .. ~ CO~ ICJC 3}~<;1' '-lt330~l dOl 
OIMEHSIC.H OI~C~I , ht4:lGl , VC•~OI a02 
OI MENS ION GtHOI 802 
COMMOH ON •Hl •A t AP toP tAl t (l t Ol tEl • o~ • A~ t (~ • Ei t YP •~TA t OT th~•OC 802 
COMMON o . xo ,~F tUR tALPh~ • ofTA • SO trtH t V tQ t ~X . OT tT • lO • Tf t N tF8 •fC •8 80~ 
CCMMVN Kt i"'M •"'""" 'Ltlt~~kv t OUitVA ,l C. t h •.• ""I ' N\1(0 dO" 
CVMkvl\ t1A • H•"" • V~ tttl t oJT t1'4P lt nn •U •v l l o Vt 
COMMIJN lttt.lA u~ •k • vc.Plh t V( tJ t Nrt t Vh 80c 
(~MMOk ~MA~I400i t VMAAC40CJ t MNAXC 4CJ) 60~ 
Clii"\Mvtc T<-kAX <itO(. I , T 'W'MU I 400 l tl rt.i<1 AX t lt(JO. dO~ 
iiP•It-ti\•HIN) 112 , 0 ovl 
VP• t VH+VCt.l J/2 . \.1 oV" 
ThETA•Z .C•ATAHFII~VRTFC~ •HP-hP•H~JJ/10/l .V-HPI J bOi 
IF tiHETAI ld,2 1102 
THElA•It. 2o) l o • THt: U, 802 
AP•O . 1 2!>• I THETA-S JNF l T"f T A 11 • C 0 • 01. 802 
6P•D• SII<ftlh£lAI2 . 01 802 
THL T A•2 . O• A 1AIIF I ( ~c,~ T f lO•HO-nO• rioJ) I C 0/ ~ • C..-Hu I J 80l 
If I fttE IAJ It , ; ., , ov,c 
lntJA•O .. C'O,jlof'TMt.fA ov,c 
4•0 • ll~• I THElA- S.I hf- t lnt. TA) 1 • C~•l>l th)~ 
o•u•~ltlt I Tttt.TAI2 . 0J bV~ 
VX•SC.RIF IA•~k/bl du< 
CTN•CO~f I IHE TAU .~~~~ I HF t ltlE TAU . 01 80< 
FORV•Ini~)•Ho-MM-HNI/OT+VP/OX• IH~+Mo-HH-ni~JI +A~/tbP• OX) • ~VNTVX-VM60~ 

I•YI Nl l bvl 
FPR I•AP/IaP •V~• 2 .. 0* VXI * (6R-A•GK • 2 . 0• CT~/'u• Sl t +VP/DX+1 • ~/0T 802 
OC•Hb-FORG/FPRI dU< 
IF tAuSftDC·MI>I · G· OOOII 7 • 6 o6 802 
H~•DC DCi2 
GO 10 > 
Hl f!.+ U•VC. 
THtTA•2 · 0-ATAN~liSWRlflv•OC-~C• O(IJ/IV/,c . Q-~C)) 
lf ITrtc.l AI o • Cj,~ 

T"tiA•b . ib,lo• l HE TA 
A•v. lt.~• I IHE TA- Sit.f C lttC. 1 A It • lO• OJ 
B •O• Sl~~C ,HET~t2 .C1 
VCH+I»•S.ORTFIA• GK/ol 
;:)CN•l»•A• VU'itll 
t•N+l 
tF IHIII . LI • ""AXtlll GO 10 ICi 
t-~,.,•xt 1 )•HC I I 
THMAll lt•T 
If tVtl) . l.t . VMAX.flJl Gll TO 11 
VMAJCIII•VCll 
TVMAX.Il )aT 
) f t Otl) . li . ... MA>IIl l GO TO 12 

OMAX t I l •0 t II 
ICMAXCII•I 
RETURN 
fND 

SUBIOOUTlME fOR ID<PUTING IIORMAL llEmt 

ov< 
o~< 

110< 
ov< 
DV< 
. w. 
60• 
o•U 
802 
ao2 
ilu2 
ilu< 
iiO< 
ov< 
ov< 
out 
ov< 
dO< 
dlli 
dV2 
i102 

4 
~ 
0 

7 
• 
y 

10 
II 
I< 
I> 

•• I> 
16 
17 
li 
I> 
•0 

•• 
., 
•• 
·~ tt> 
i7 ... ... 
•O 
>I ,. ., .. .. .. 
>7 ,. ,, 
• o 
•I •• 
•l 
H 

•• .. 
01 

•• 
·~ >U 
>I 

~--

SOdROVII ~E ~>f-ORM Dl'oCi I 
OIM(NS IG~ 1013)001 , 0103001 DNO l 
OIM(HSIOH Ot • OOi o H1400l , v .. aal 0"0 l 
Dl)tfNSICN GC 3301 DHO 4 
C~MMCN ONthL •AtAP tdP tAi tCl t Ol ,~ l td~ ,~~ .c~ , L~tVP t l)l A tVJ thb • OC DhU " 
COHHQ~ 0tX~t XF . ~~ tALPMA eolTA tSOt ttn•VtU tUA t DT t 1 t T~tlf t h ,f otFC t O ON~ o 
(VMKvh ... t """'' ''''"""hL tlt l""t.ko.> . OOTtVil. t lvtl..., ,\oo ltH.,.(u Ul"l~ 7 
(V~MV~ HA •h"tV~ tH 1t~ltNPT tHM t U t011 ~~V 
COMHvh lritfA••~ •~ •~EPln tVC t J th~ t ~h ~~u 
TH£TA•2 . 0• ATA~FlCS~R1fCD•~l-Hl•*2»1110/2 .0-~l ll Ok~ 10 
IF II HUA l l •3d ONo 11 
THEI~•b . U)lb+IHE I A DNO I< 
A•0 , 12!>• 1THETA-~I I\f (THtlA J l • tD* O ) Oh O I) 
wP• C0/2 . 01 * THE1A O~u lit 
II.•AI WP ONU I~ 
6•D • SINf l lHETAI2 • 01 DNO 16 
ON•~ 1 -t~P-tF•Oll *~ li J/C8 • 0•~R•SO•R•K•AI)/(C) . O*~J/W-2 .. 0I~lhF CTHETAO~~ 17 

l/2 , 0)1 01\U lo 
If ( Ab$f,OH-hli - O· C00 1J 5 •'ttlt Ol"tU J~ 
Hl•ON D~v ~o 
60 TO 1 Ohv ~1 
II.E IIJAN l)r>ll u 
rNr Or<u • l-



A.2.3. DEFINITION OF VARIABLES 

I Ill 'lOZ •I 
IXOX Ill LWT 37 
II en l WT I 00 INC 67 
IL I ll l WT 10 1 
10 Ill LWT 30 SOl 16 
K Ill INC 14 

NAN[ OEr!NI TIOI'C ~TATE~ENT NUH8ERISI NCOONT I T(I>AT!ON CONTROl COUNTER INC >1 INC S6 
A AREA OF CIRCUlAR •EGMEI'IT 1)1-10 13 OCR I ] CO£ 13 801 2~ N NUH8£R Of DISTANCE INTERV•Ls l 1"T IS 

~02 22 BOZ 37 CIR 12 >iT TIME INTERVOI. PI>T OUT CTROL COUNT£1> l WT ~· LilT 10 LilT 75 
~· INT[RH[OI ATE AREA 1'01 33 NPG PRINT OUT CONTROl I. liT .,. 
t. J t?) INF ,. NPO TINE INTERVAL PRINTOUT LIMIT LilT 38 
ALPkA VfLOCITY DI ' T FACTOR- ENERGY LilT 26 NOCONO . Of INfLOW OI,CHARGr VALUES LilT ~9 

AP INTER~EOIAT£ AREA 802 17 Nl NO . OF X-POSITIONS LilT 36 
AI 121 CO£ 17 Q C~POITED DI,CHA~GE INC 25 INC 1 1 COM 22 801 •3 
A2 12 1 COE 22 ao1 26 Anl ·~ A f REE ~URfAC£ WI DTH ONO 16 OCR 14 CO£ 16 802 23 OA INTf.R~EOIATE DI,CHARGE IWT 17 

ROZ 38 CIR 15 08 B&SE f LOW I,WT 21 
BET• VfLOCITY DI'T fACTOR-MD~£NlUN LWI 27 01 INTERPOL ATED OI 'CHARG£ INf 16 
RP INTER~EOI&TE fREE SURfACE WIDTH 802 18 Oil INTERMEDIATE DI 'CHARGE I WT .. 3 
112 121 CO£ 21 ON INTERHEOIATE DISCHARGE I liT ~0 

CTN COTANGENT Of 4nGLE R02 25 QMAX MAX . OISCH•RG£ I WT 16 CO>' J O 801 S2 eoz ~., 

Cl 121 CIIE 18 ON I NTERMEDIATE D I~CHARGE I liT A1 

r.2 121 CO[ 23 00 ExCESS OF PE~K 0 DVEk OR INf 10 
0 OI A~[lfR Of PIPE LilT 19 INC 24 INC 69 OT INfLOW OI~CH•RGE ijOJ 13 801 l A 
OAREA DERIVATIVE OF •REA k iTH DEPTH INC 34 R HYORAUI IC R•DIU~ ONO IS COE I S 801 . 25 Clll 14 
DAl OERIVATIVf Of Al RO I 16 RA RATIO Of' DT TO OX I. liT s• 
IIC CRI TICAL DEPTH OCR IS 802 29 Sf' AVERAGE f'PICTIO" ' LOP( INC •3 CO£ z• 801 21 
OCO~ CO~PUTED DEPTH INC 46 INC so SO CH•NNEL ij£0 'LOPE I_WT 20 
OCOR CR ITICAL OEPIH LilT 48 so 121 QO I 30 
O[NG 171 INC 38 Sl fRI CTION ~l OPE INC 21 I NC 65 
O[PTH O[PTH OF FLOW INC 11 INC 30 SZ FRirTION SlOPE INC 42 
DIN I'I ITI.&.l VALliE Of DEPTH INC 16 INC 53 INC ss INC 62 T TIM[ IN SEC.ONDS LWT 22 LilT 76 

"' INC 64 TVNAl TIHf o• MAl. VfLOC ITY COM 28 801 50 802 47 ..... 
ON NORMAl OEPlH ONO 17 Tf TIHf liiiiT f OR '01 UTIOH L'•IT 1 .. 
ONOR NORMAL DEPTH LilT 46 TG T I'<E TO C. OF G. OflNf'LOW HYOROGRAPH lllf 12 
OljA DERIVATIVE Of HYO RADIU' WITH OEPTI< INC ~1 THETA CENTRAL ANGLE Of CIRCULAR SEGMENT ONO 10 ONO 12 OCR 10 OCR 12 
OSLO OERIVl TI VE Of fN SLOP£ WITH DEPTH INC 3'1 CO£ 10 CO£ 12 801 20 801 22 
01 INCRE•ENT Of TINf LWT ss LWT 56 flO I 29 801 32 802 14 802 16 
OTA INrR[uENT Of' Tl~[ I WT 67 '11)2 19 802 21 802 ]4 802 36 
OTHET DERIVATIVE OF THETA WITH DEPTH INC 33 cT~ ., CIR II 
OTOL NAX ERROR IN DEPTH CALCULATIONS INC 9 THMAX Tl~f Of H•x . DEPTH CON 25 BOI 47 802 44 
OW OEA IVATIVE Of liP WITH DEPTH INC 35 TO l?l l ilT 33 
DX INCR£u[NT Of DISTANCE LWT 45 UIT 53 OCR 18 TP TIME TO PEA~ INfLOW HYD. DISCHARGE INf I I 
Dl 121 CO[ 19 TO 121 I Nf IS 
E£1 [~(Qr,y &T <NOliN DEPTH INC 22 INC 66 TO~AX TIHF Of ~·'· OI ~CHAQGE COM 31 601 SJ 802 50 
f[l ENERGY AT UN•NO~N DEPTH INC ·~ uu 171 JtiF 13 
fLEV [LfVATIO!II INC tO INC 12 V VEt OC ITY INC 26 INC 10 CON 19 801 44 

~I 121 Ctl[ 20 qQ? 39 
£2 1?1 COE 25 BOI 2ft VV VElOCITY INC 19 I NC 40 
f OAPCY-W[I,BACH FRICTION FICTOQ LilT 25 VX CELERITY OF wavE !102 2" 
f 8 fACTOR I N P[V. NO. - O&RCY fUNCTION LWT '" VA INT[RM[OI AT[ VELOC I TY LWT 1'1 
fC fACTOQ IN REV . NQ. - O•RCY fUNCTION Llll 40 VC CA IT IC&L VflOCITY OCR 70 
fO CELERITY Of W&VE CIIT so VH VELOCIT1 H[AO INC 20 I NC 41 
n~ 121 At\ J 34 VH INTFR~fOI~T£ VElOCITY l WT &2 
r w NUM6ER Of DJ •T•NCE I NTERVALS l ilT 51 VNAX HUIMUH VEl, OCITY LilT 15 CON Z1 801 49 . 802 46 
f ORG 1?. 1 uoz 26 VN INT[RMEOIATE VELOC ITY I WI 85 
fPH 121 .. 0 1 ]1 VP AVERAGE VElOCITY R02 13 
fPRI 121 MZ 28 liP WETTED PERIHF.TF.Q INC 36 ONO 14 CO£ 14 SOl 24 
rRAT 10 171 l"'c 45 C. IR 13 
GR ACCfL fRATI ON Of GRAVITY Lil T 28 X POS ITION I LONG CHINN[l l >tT l OS INC 23 INC 68 
H DEPT" Of flOW CON 16 801 42 BD2 33 U PO~ II l Oll or CRIT IC.L DEPTH INC II IIIC 29 
HA O£Prt~ or r• ow I liT 78 Xf TOTIL LENGTH Of CHANNEL l ilT 2• 
H6 DEPTH ~f fl OW LilT 93 902 31 ~l WORKING LfNGTH Of CHaNNEl l WT 4'1 
Hf'IH ONE- HALf THETA INC 32 lO INI TIAL PO~IT ION AlONC. CHANNEL LilT 23 
~L INTERHEOI&TE OEPTH 1101 19 !IOI 40 ll 121 COM 12 
HH INTERMEDIATE OEPTk LVI 81 72 121 COM 13 
HHAX MAXIMUM OEPIH LilT 14 COM 24 801 46 802 43 73 1?1 CON 14 
~N INT[RMEOIAT[ DEPTH LilT 84 1.4 121 CON IS 
HNU COMPUTED DEPTH AOI 38 Ill DO-LOOP COUNT£11 OR VARIAAL[ SUBSCRIPT 
HP I NIT I• L 0£PTH !102 12 I ll tNT[RMEOIATE VADII8L[ 
HI INITIAL DEP TH LilT 29 DNO 20 



A.2.4. SAMPLE OUTPUT 
( !"o input required) 

o~o• • 
oco~ 

I:Uo58l)Tt • OO 

l . oui~S•••~ ·oo 
so • 1 . o.ooo~oOE-·•3 

ONPF • \ oUMUl\1~•00 

1 · 0 07 SS•~o~· O o 
l . lv Ouoouu~· ~l 

OCPF • 
R• • l. 0<6 l .J I ~SE·ol 

~ . 
•I • 1 . 2c8590o7E• nu 

ox • 

OT • 

"·D~S~ll2 1E · ~I 

z . u!&29670~· •u 
ra • 1. OYH•ooo~·• l 

XO • u. 
XF • 

TO • o. 

TIME IS o, 
PNT 

I 
2 
J 
• 
~ 
b 
7 
8 
9 

10 
I I 
ll 
l l 
I • 
~~ 
IO 
17 
18 
)9 
20 
l) 

Tl~f I S 
PNT 

• s 
I> 
7 
y 
~ 

I 0 
I I 
)2 
ll 
I • 
IS 
)I> 
)7 

18 
\Y 
20 
2\ 

TIME IS 
PNT 

'i 
2 
J 
• s 
b 
7 
01 
9 

10 
II 
)2 
\3 
I• 
IS 
)6 
)7 
\0 
)9 
20 
21 

.. 
1 · ~27~ 1 ! S1E ·~ O 
l• ~2 7 25• 7~~· ·· 
1 · 22o93S9 7~ · 00 
I · 02bSJ979( • UU 
I• <ZI>O• TO~E . OO 
I • ~2S•JHo~.uo 
l · l2• o 718J£ . vo 
I · <2HJ95o;~ • JO 
) ol 2l56 70o~• 00 
I• <211 0 173E• ~o 
I. b 92~20&~ • 00 
l · ~lo9Ub9E · OO 
l· ~l ~Oo589~· •o 
l·<IOlS6 1 ~t . uo 
l ·lo>• JZZJE . oo 
I o1 9YIJU7e . OO 
1 . •9o7 s&71t · Oo 
I · •N291•S' •~v 
1 . it.nssJ~~.uo 
t • .L )t>C)S,Jctt..ou 
l · U0 7d 5• 68t . uO 

I :2~1778o2~ • U J . 
I · <•J•H7~E. oo 
l • l"l33•09t · ~O 
l •<h OJ9l J E. uo 
l · <l 017535E•OO 
l • l 281519JE. OO 
l • <2hHSJt . oo 
I · <ZSizadzE . uo 
l · l 2H2490t• oiU 
I ·<Zlol615E•uo 
l • ~21097•3~ · UO 
I • ~ 192l238~• 00 
l • ~l68781AE· uu 
1 · <13915Slt• OU 
I • <IOIJ6• Sf·OO 
1·<0Sl6892E. u0 
).!9d9I0• 2E • UD 
1· 190 ol701' • 00 
l•i7Sbn370•UU 
1 · 1 6<17 6100~ · · 0 
I••2U• O I ~t: . o o 
I ·Ol• 75Z I J0: • UO 
2 · 51§5560• F • U) - ~ 

) . c6J~HOJ~·UU 
l ·JUd• JD92' • UO 
1 · < 7~illl7l . u~ 
I • ~hO• 725~• UO 
t . t5Jo o•~ 3t · OO 
l·<"Jdo 276E• UO 
) o 0:)6• 7';;J~t · ~ O 
l• iJI OJ?02~ · ou 
1 · <26~057! E • UU 
l · ~ZJ58018t ·UO 
) . ~zoool• tt .uo 
1 · <1761JJ~t.oo 
I • ~I •H&Ilt•OU 
I · CIU~6~55t · JO 
I · ZOS2556 JE· OO 
I . i 9~ 1750 l E • uo 
)d9 UI J 00lt · OO 
loi715971~(-00 

l oi57l6•67( . ~U 
l · ll~l3252t·~O 
l · ~IO•zzl•E · OO 

sc. 
" J . 73~69H8E•v0 

3 , 11172 • 1•£·~0 
3. 7HOn•• 5E• vO 
3 . ho6o~HE,no 
l . 7•l5oiU~ · nO 
l . 7 .. '")ftb~~•E·":» 
3 , hoi~~HE.no 
) , 7519• ••2£· 00 
3. 7S673~on.oo 
3 . 7~271•30£•~0 
) , 7702•HBE• 00 
J . 77Y77o10E · n~ 
3 . 7'~! qnq O OE • OO 

J . •orsn •~SE · nu 
J. U17~•29E • ~0 
J . •S•Sl?~7£ . ~0 
J ,li90b~>l7£ . oo 
3 . <>• 121•02£• 00 
•.rtl f>f'"'"S4t. . no 
• . t ,.U2•~t1~1!• 1"0 
:.. . !H27~4Z"~t • nO 

SEC. 
v 

• . oO "I •~l .. E•nO 
3 , A) U9 l 02J[ , nO 
3 , 781J~>HE•OO 
l . 76ZIZl51E· OO 
1 , 753721 •6~ - no 
J . 7~o4J• J!t: . no 
3,7S06H71E. oO 
), 75jg 7~Jb( o 0 0 

1 . 7o721 •eBE. oo 
J . 7~29~078£.nO 
3 , 71031•07E• OO 
3 , 7 h 7o,z;£ . n o 
>. 7119)? JIE • OO 
J.~O IS VOllE • 00 
l . a278JI H£.no 
3 .~5•67o~at..t)O 
3 ,a9IO~o)l[ • OO 

J . ••2n•2&E. no 
•.~2M~•67E•OO 
4 , 2 1 1214~9[. 00 

4 , a&339oHE. no 
s~c . 

• 
• , bli71•0 7E • QO 
" .o2a•)l~7C. .,)0 
• . oliS~>H£. no 
3 . ~l~9l•S•£• nO 
.J . ~An89 , 7 l E • nO 
3 ~ ~3-"Jdc;V~!: • GO 
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APPENDIX 3 

COMPUTATIONAL DETAILS 
SPECIFIED INTERVALS 

OF FINITE - DIFFERENCE 
SCHEME OF 

OF CHARACTERISTICS 

A. 3.1. FLOW CHART 

THE 

Compute 
Stoady non·unifono flow 
(standard stop .othod) 

by 
N~wton-R.aphson iterBtion Caleulatc 

cocffidonu o( the 
two pal'tial di rrerenth l 

equ•tlOn$ 
AI, Az· 'z· cl' o •• Ez · 

let urn 

Subroutine ~ORM 
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A. 3.2. FORTRAN nz: COMPUTER PROGRAM 

IIAIN PROGRAM FOR ltOSTEADY FLOW BY NEntOO Of CHAI\ACT£RISTICS 

PIIOGIIAM IINS JOY UN~ 2 
1 I INPU T , nul P UT , JAPf-5: [I~01IT • T4Plt.•llliTPif1 I UN~ 4 

C-----ATT[HU6T I ON AN Al yc;IS- C I.,CULAR CU().;.!Ii St.Cl iON tJNc; 6 

C···-·Hl INIIIAI CONI) IlJOHS UH'i M 
C-----O[T ( RMIN•TION OF HYnP~r.RoP~ AI IH( ~PfCII Jr POINT VII H TWO CONTPOLUN~ ID 
C--.. -- ( .AT UP!iTRr4M A~O nov~C\1tff- 4114. l HY fH£ f4t fHUO Of c ·u AWAC.IrR I!\ 1 l CC\ Ut.IS IZ 
C----·Fg1 C llnt4 rQF'f"f'l(;IF:Nl r VAWtrCO: l•.tll ti J.t[YNOLOCi NIIM~~ UN<;. 14 

t)fMfN«;10fll OICi0(1) • nnT f';On) , O~A~ C;IQn J t IH~O() I • Ql) t Ct;OUl UN'i lh 
OJ~[NCilnN OIC?OO)t O~A~C?00 ) U~S 1~ 
0 JN(N4i10N T0 t4AXC 7001 , TtlCll,hH • f()MA• ( j)l)ll) t rVUAX t?'OO ) U~S ZO 
OtM(N~tON VI~Onl . V~ft~QR) , V~A~ tiOOl • l l~nG, UN~ 22 
Cf)~otHON A · ~"· ac . an , ,u·. AI t''1A · " · "C . Hn • ..- -=- r• . cu . co . o . or , nor UNS z,. 
CO~NON Of.PTH· IlD •Dt•· II IN • IIH .•lf.'A~.lollollllUI . IJI , IIl Ol •tlv , W IJN~ l6 
CONHON r.ra.rt • 'O•f NUof,W, I •I rn. I l Ot,: , lllO • IAtH.; , ,I, .. C. N· NUCU UNS 2f' 
COftoL'40 N ~1 t Hl • O• Of.t , QnT • 0 I , t')Jfl•hOM A.C • Uri •QO • R . ~(Y, SO• r • Tl)H,U: UNS 'Hi 
COlotH~ Tf" , Jtt(tA , II O tT P . IO ·li.J~A)t.I\I.,.AX,V"VOf tV,..All t YV " IN~ li.N'\ JZ 
COMM~ x, x( , .r,xJ UNS 34 

C••···PHYSIC• l ro"SJ.NT~ OF THF 'iYSif" UNS lt. 
ora•?.Q?h7 UN~ J~ 
XF•K2 t .10 UNS 40 
s n•o .no l UN~ •2 

: --·•-COFf"rJC:t£HTS rOR CQHP111I"'G t- t'~Ot4. IHF' iltYNOLUc;. NIJ.,.lif'P U~~ 44 
FNti•O. noOOl41 UNS ltf'l 
f~•0.10Q~q~ UNS 48 
FC.• · O. JlQ44 UNS So 

C···-- PIIYS IC•L PAllll~tf[US UN'i 5? 
GP•32, 175 UNS 54 
ALPHA•) . 00 UNS 5b 
6FTA•J.00 UNS 58 

C--··-OnvNSTOEA.,.. Ct'NTPOL C:O~<.TAHt-., UNS 60 
Cll•O.O UNS 62 
En:I,J~ tiNS 64 

C·-·--Co .. PU TAliONAl. PAPAMFTfliS UNS 66 
N•?O U>IS 68 
1•0•2 UNS 70 
TF•200 . IJNS 72 
1 1n~zo . uN~ 7~ 
l.l!Ol• O, DQn 0 I UNS 76 

C-----h1F"l0 W HYORor,QAPH UNS 78 
RF.AO C~ o 200 I Nll(O UN~ 80 
RF AO tS t2 J O) tf01 1 J . O ilii•I:J,a.fUCOI UNS 82 
OR•II!III ur;s 84 
OP•OII?I UNS 86 
TP• TOI ? I IIN5 88 
VOL•COP-URJ•T~ UN5 90 
OPA•OR/OP UNS 92 
NJ• N• l UNS 94 
DO 10 I•I • NI UNS 91> 
DMAXII!•O,O UNS 9~ 
VMII CII•O, O UNS 100 

I O UN•Xti i•O , O UNS 102 
111111( 11>. 2201 UNS 104 
WRIT( Cb , ?701 UNS 106 
WPITE 16,?101 0~ UNS 108 
WPJT( 16• ?.S01 QP UNS 1 10 
\IIRIT[ (h• ?~Ol T., UNS 112 
WRJT( tbt 320J O~A UNS 11~ 
WilliE 11> • 2401 vnL UNS 116 
•PI T( 16•7701 UN~ 118 
WRITE lb o?801 UNS IZO 
WPTI£ (/, t ?9QJ S O UNS 122 
WPt t E (6 • 100J JlPHA UNS 124 
W~tl£ (6 , 1101 ,flA UNS 126 

W'QJH (#H~70J UN~ 12A 
~Dll f 1~ •1101 ll,fll! .(f,J JI\ ION<; 11U 

C-----Cn'~~PUf .. liON Or Ntl~ .. Jiol h(Otn ta.•l ( ... 11~(.-.l t•tt'ltt UNc; 137 
01)•011 UN'i I J • 
CAI.l OCPI T 1JNS I 1h 
t:lll.l I"HoiOR,_. .t 1/NCO I )~1 
IF ION·OC I ? 0 · 20 • jn ' UH'i 140 

20 111111( 11,.1401 UN'i 1•? 
Gl) TO 1'>0 U>fS 1•• 

30 I< ICOI •n.so.•n U~'i 1"6 
40 t1f'zl UN<> IC.A 

xx~o . o IJN<. 150 
OnUT•COfVt'Ol**II .. O/f"llt UH<> l ~c! 
G<> TO "0 " ""' I 'i4 

50 Mr•? \JI'I'i 1St. 
XX2Ct . 5 • DC UN<; ICiM 
on• rt•DC u~s 1 60 

60 XF~XF'-Jl X UN'io I b 2 
AN~N UN'i I b'• 
l)X2li[/•N Ulf~ I Of\ 
VDITE f6 t l.C)OJ I'INoOC UNCi JbtJ 

C-----Cn.MPUJlflnH OF' Ill C Jl t"t: I Ut(l} .. ~t ... fl IJNc;. 171) 
OO•CJP UN<; 1 / 7 
CAU OC:IJI T UNo&; J 74 
OFPTH•IlC UJo~'io t7r. 
CAll C IIICI_[ \JW'i liP 
VC•OP/A IIN'i 1110 
DFPJH•O ., R?•hf- ljN<; IK? 
CAl l C I RCI.E ll'l'i I H• 
DT"'AX• (f)Jl •? . O•AFfA)/fVf'~fAI ~ll/l • t4•1t~~ol • r.l.,~ft I I Hal~tH -Ht IAt••?)•v,.•vCuNc; I AI) 

1• fl• . o• H£ 1 •·r~·n"n n IJ'I~ 1 8n 
OT•OTHA l • . S. UN<;. IYQ 
Cn~-Ot /OX UN~ 19/ 
Nfa:lf" tnT UN~ I Qt, 

ITO•ttC'IIfH UN<; 19to. 
WI> IT( 16•1bO) II'•OT UN~ IQH 

C-·--- Co,.P UfA ftnN or VCUiC: ITY ._._,, OfP Jtl tn~ I!.I_L lq ..;IA..-ICJ.~ A AI 1 Htt tt . f\ lUllS 2:011 
O r~• (()(\UT •ONl I? . 0 U,_,~ 707 
OFPH«•OOUf IJNC\ 70._ 
CAl l INCONO UNS lOb 
Q I N•OR UNS lOH 
l~TO()I l iN<;. 2 10 
W~ll( 1(.,~701 T UNS 217 
V«HlE u,,,R.Q) IINS 21._ 
'WRITE U,.,90l UN'i ll~ 
on 70 t • l•Nl•tw.n • .~..,s Z J ~ 
WRI TE lh t 400J Xlll• I'CTJ , Vti) , I) CI ) LJN~ 720 

10 CONTI NilE ll'" Ul 
1 r oc.-1 tiNS 22:" 
On 170 J;a;?. tNT UNCi ?.lb 
T:::T • Of UNCi 22ts 

C- ----COt.tPUfAT ION OF V£l0C tlY ANO lltPfH fUll Jltf H Jlt 1 AC 1 P.H I IJNS '?30 
CAll IIOUNOI IINS lJ2 
Jf" {(TOC- 110) qo , ,.,n ,9B UNCi . ll'-

80 W~ITE Cl> •~701 T UNS 236 
W~ITE C6 o ~ROI tiNS 2lR 
IIPITE lh•WOI UN'i 2 4 0 
\IIP1 TE fb ,400J • I I l . nor (I ) • VUT ( T I , ()f\ f (II UNS 742 

90 J I(OC•l UN~ 244 
On 120 l•?,N UN<t 24h 

C--•-•COMPUfATIO" Of" Vrt OC.l TY A~l 0f:. Pl tt A. f fJMf I UN~ 248 
C •r l CAAP UN'i 2SO 
IF CJToC , F.O,JT O, ANO. I,IlC , ffl ,IXOI 100 ·110 UNS 252 

I 00 l •OC•l UN~ 254 
WRITE fl't • 4BOI X(UoOOI(fl t VIH CI) • OUlC J ) lJNS 256 
Go TO !70 UNS 258 

110 I~OC•I •OC •l UNS 21>0 
120 CONTINI!£ UNS 262 
C·-·-·COMPUTATION OF V(LncJIY 11'<'1 llf.PTH lOll l liE 1'11111 I •T IJ>or I UN$ l64 

r-NI UNS 26o 
C• LL ROUNn? UNS 268 
IF IITOC• ITOI li•Od3Doi4Q UNS 270 

130 I TOC•l UNS 212 
WRtTE C6 •400) ~(f ) , O()T tll • Yilf( ll•OOtC il UNS 274 
Gn lO !SO UNS 271> 

140 I TOC•I TOC•l UNS 27ft 
150 On 160 J•J,NI UN~ 280 

Q C II•OnT Ill UNS 28l 



... 
N 

D f I ) :OflT ( l I l,JNS 
160 Vi ll =VOTI ! l UNS 
170 CONT INuE UN$ 

N~r.=NlJ~O +l u~s 
0('1 180 J l f ;; J , NPfi UNS 
IJ:.SO • I tl - 49 UNS 
lt= I I • •Q UNS 
WPIT~ i6 ••10l UNS 
WQTT E (6 , 420) UNS 
DO 180 tst I, IL UNS 
W~lTE f6t 4 30) 'X(f J,OMI'PC t l l • ltl•JA.)( fll•'h4A.t.()) . rVMA- f l. t (~H.I\Jt(JJ , JOH4.XUNS 

lll l UNS 
I F <I . EO . NII GO TO JQO UNS 

) AO CONT l NIJE UNS 
190 CAU . E> IT UNS 
C• · --- UNS 
200 fOP" AT 111! UNS 
210 FOP~AT 18F10 . •I UNS 
220 f'OQMA T (1 .... 1 t 2ll. t • 1Nfl-(')\l t1Y0h:lll;~l\t'U PAR AM!:,I (HS" • I) UNS 
23 0 fORMAT t z'X,•06;; •f iO . ~ •~CF~•I UNS 
·2 4 0 foRMA T '2l(t*WAVf. VOl UMr Allllllf HP.~t-- fLClw: •F8 . 2 • •("'U fT• I UNS 
250 fOQMAf C2X,•OP= •rJn . ~ , ocr~•• U~S 

7 6 0 F'OPHAT C?Y , •fp:: ttF J O . ~ •"'~f:C•l UNS 
?70 t"OQ>IAT 1/1 UNS 
2AO F'OPHA T t ZX . •SYS fF-~ P~W.~f.I (NS*t/ l UNS 
29 0 fOQMAT 1• ~0 ;;~fiO .SJ UNS 
300 FOPHAT t• ALPtiA=•fl O. "l UNS 
310 fORMAT I• REIA =• f ! O . .. l UNS 
32 0 fOR~AT ( * Q~/OP=or t o . ~· UNS 
J 30 fORMAT C* N • •T5 t • IXO :: ~q -...;t~ I f !:* ff> . O/• 1 TO =• Fl O. SJ UNS 
.14 0 fORHAT t• fLOW I S ~IIPFPC~ ! TIC•L • l UNS 
350 fORt-IAl C2Xt •NO'lt-4AI O(PTH= •F,.. . 4 , *ff• • .c.x , •O~ J T J CAI. OEP rH.s: * f 6 , 4 t •FUNS 

tT• , I) UNS 
360 f O~HAT C2X• *OX= •rA . S . •f r• · 4~ t~O f!: • rH . ~ o •SfC * • /) UNS 
370 fOQHA T I H H t 5X · •CONil iT I ONS •1 • .. 9 • .}•$F' CilNU'itt// l UNS 
:3AO FORMAT C21Ct *01"TAt.!C(• , Q.<. , •O£P rt-tu, ij:\ o *t/~ LOCI ll'* • lJNS 

1 7 X• *OISCHARGE• l UNS 
JQO f o QH.AT C4X t * CfT I * • 1 I 't t * ff T) •, l UJlt • CfPS J o , 1 JX , • CCfc;,)• , n UNS 
4 00 FORMAT f 4 CFl 0 , 4 t S X)) UNS 
4 ,0 fORMAT C/ / • 1 J4AX. IM1Jilt4 VAUJf:.S At<IO f l lolf"S Al EACN lOCII TION•I/) UNS 
4 20 fORMAT ( * r> t STANCF: liAX Uf PfH r Utf HAX V(l T HH: "'AX 0 UNS 

1 TI~E• I UN~ 

430 Fn~HAT IFA . 2 o 314 ~ . fh . ? . 2• · fl . ?> l UNS 

c 

c 

c 

E'IO UNS 

SUSROUTINI: FOR aJIPUTINC IIIIT!il~ CIH!DITIO!! 

SIIAROUJ I Nf I lrrfCOI\IO 
Utt·IENSION flCSOQI , OOTCCOOOJ . O,..AX C<!'OO ) • L)CSOO I • OD t CSO O) 
D IMENSIO~ OI C200 ) , OM4X(200J 
OtMENc;[ON TOHAX (2QnJ, T0<200) . T0 '1AX C>Otll , TVMA.It l?.OO) 
DJMENSION VC500l t VOlt~OQ), V~A XC ?.not . ( (SOO ) 
COMHO~ At ARt AC , A.O • .AF • t.I_PHA t ti t RC , fiO , ttf-4 Til. • c'lhCQ , tJ • Or t OOT 
CONMON DEPTt-t , I)O, QJ A t0 { N ~ Olo1,UHA.._ , I)N, 00111 · ll f . QTOltO:< t EO 
C0"4MON F' tfB t F"C • F'O t FNU • fiH•l • I lO t I TOC: t I XO • t JUlC • .t• "'C · N • NQCO 
(()HHON NT ~N1 t (J.t')A , (l01 • O l • OlN • OMAJl oQI-', OQ , t-t , J.IEY t SU t J t TOM AX 
CO H ... ON TF' t l H[ J A, T 1 Ot TP , TO· l•»'AX , T V~AX • V t VOl , VloiiA X, VV t \rl~ 
co~HON x. xr.•r, xx 
CALL CIRCLf 
CONO I I! ON AT IN! T ! AI. <>nS ! 1 I ON 
'VV=08/4 
VH~VV*VV/(l . O•GR l 

COHPUT~ RfYNOLO~ NUHBF.P 
RfV=\tv• RIFNll 
CO~PUTE fRI CTION fACtOR 
F' =FFJ*REY• • f C 
SJ =F'* VH/(4 . 0•RJ 
(E 1 =O£ PTH• ALPtc.A• VH 
)I.(N+}):Xf"- ): X 
OrN•l i • OOiif 
V fN+ 1 t =VV 
O(~ • )):OA 

'ICOIJNT•O 

INC 
INC 
INC 
INC 
I NC 
I NC 
I NC 
INC 
I NC 
I NC 
INC 
INC 
INC 
I NC 
INC 
INC 
I NC 
I NC 
I NC 
INC 
I NC 
I NC 
INC 
I NC 
I NC 
I NC 

2114 
~86 
288 .. ~. 
292 
2'14 
2'16 
2'18 
300 
302 
304 
306 
308 
310 
312 
114 
316 
318 
320 
322 
324 
326 
3211 
~30 
332 
334 
336 
338 
140 
342 
344 
346 
348 
350 
352 
15• 
156 
358 
31>0 
362 
364 
366 
368 
370 

2 
4 .. 
II 

10 
12 
14 
16 
18 
20 
22 
24 
26 
28 
30 
32 
3• 
)f, 

38 
40 
42 
44 
46 
48 
50 
52 

C ltH EGfUT I ON Of" ~TF.AhY FI. IJlll 
DO 150 L• I• N 
,I()( =:XX• OX 

10 OF'Pl H=-OIN 
CALL CJRCI.£ 
vv =GA/A. 
kfY=VV•~If"NU 
F aF'ft• R(Y••fC 
HFTHe O. S•THf..TA 
DTHET:4.0 1( n1 4 •~lNF IHF1 Hll 
DA~EA=O • l ?.'i•OJ A•O ( A• ( l . 0 - Cn"r C H lfo' T A I I ttl) r l-1~ t 
OW•O . 5 • 0 t A.• O f H£1 
WP=O. S• DIA•THET 4 
ORA.• CVP• OAREA- A•OIIf I/ rvpa ,JP J 
OtNG•1 .. 0 - IOR•OR/ { c;R• I 4.• *11 I I •t)Ak f A. 
osLo=-r•QR•QA• < r . f'l•w•A*O/\~F• . c A • •~• • ..., ... "' 11 c K . ••;~-t o- c til• A" • 21 ••2 1 1 
VV=OB/A 
VH=VV•V~/ C 2.0•~~ I 
Rf"Y=VV• Ri f"NU 
f:F9 • REY • •f"C 
S2=f• VH/(4 . n•RI 
SF= ISI • S?.I /? . 0 
EF.,=-Olt.I•AlP ... I\• VH 
fP4T 10: l fF2• [f1 •0 1• IS'>• Sf Ill IOf NI;• If U • H I I • 11\l u/l";ll· ~f I I 

C NFWTON-RAPH~ON I TERATI ON 
OCOH=O!N• FRAT!O 
lf lOCOHI J O, ?O t 40 

20 WQ!lE (6 o?OO l 
GO TO 190 

3 0 OCO~•AASFIOCOH I 
•O If !A8~fiOCOH-OINI•OTOtl l 10 . 110. ~0 
S O If tO . Az•n t A- O.COM) hG•IiO • J~O 

6 0 OTN•OCOM•O . s 
7o Ir c o . ~z•OIA-01~1 Ao. ao . 9o 
80 01N=O! N• 0 . 5 

NCOLINT=NCOliNT • 1 
Go TO 70 

90 If (NCOUNT•201 I OO.IOO.II O 
IOO GO TO 10 
1 10 WR I TE !6o? l01 

Go TO JQO 
120 DTN•OC:Oioll 

GO TO 10 
130 If ! AB~F l OCOM•ONI . Lf . OTOU lf>Od4~ 
C ENO Of NEWTON·R•PH~ON 

140 DI N=OCOH 
5 1=52 
Ef1 =EF.? 
RfOEfiNi l ( ON Of ~IJA\Cil! PT \ 
I I • N-L• I 
XIII I =xr-xx 
O II II ~OIN 
Vllll =vv 
Q( ll l•Q8 

I SO CONTINUE 
GO TO 180 

160 DFPTH•ON 
CAI.L CJPCl f 
VV=GB/A 

C CONSTANT CONOITIONS 
00 I 7 0 J =l , N 
IJ •N· J • I 
X( IJ )•X.f • XX 
Dll l i =ON 
Vll ii =VV 
Q( l J )•Ofl 
Xx=XX• OX 

170 CONI [Nil( 
180 RFTURN 
190 CALL HIT 
c--·· -
?.oo fORMAT 1• OC0!4 fOOAL<, 7ERIJ • 1 
2 10 f ORMAT C• JNCONO OOES NOT CO~V~N~f• J 

ENil 

I NC 
I NC 
I NC 
I NC 
I NC 
I NC 
!Nt: 
INC 
INC 
INC 
INC 
I NC 
INC 
I NC 
I NC 
I NC 
INC 
INC 
INC 
I NC 
I NC 
INC 
I NC 
I NC 
I NC 
I NC 
I NC 
INC 
I NC 
INC 
I NC 
INC 
INC 
I NC 
I NC 
I NC 
I NC 
I NC 
I NC 
I NC 
I NC 
I NC 
INC 
I NC 
I NC 
INC 
I NC 
I NC 
I NC 
I NC 
I NC 
I NC 
INC 
I NC 
I NC 
I NC 
I NC 
INC 
I NC 
I NC 
INC 
INC 
I NC 
I NC 
INC 
INC 
INC 
INC 
I NC 
I NC 
I NC 
INC 
I NC 
I NC 

% 
~6 
SR 
1.0 
1,2 
64 
66 
M 
70 
72 
74 
76 
78 
80 
112 
84 
lit. 
88 
90 
9Z 
94 
96 
9H 

100 
10 2 
10 4 
106 
!08 
110 
I 12 
114 
116 
11 8 
120 
122 
124 
126 
128 
130 
132 
134 
136 
1311 
J•o 
142 
1 .. 4 
146 
148 
ISO 
15 2 
IS• 
! 5 6 
158 
160 
162 
164 
166 
1611 
170 
172 
174 
176 
178 
180 
182 
1114 
186 
188 
1'10 
192 
194 
196 
!98 
200 
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SUBiiOIITIN[ FOR COMPl/TING OEPnt ~ VELOCITY AT EltD OF T illE INT~RVAL 

Su~ROUTI Nf COMP COM 2 
c-----CONPUTATION or HLOCITY ANO OfP TH AI 1Ht IIHE T•OT ~y KIIOWING ThE COM 4 
C-----Vrt OCIT'f ANO THF. nrPTH AT Utf rl '4( 1 COM 6 

l) f)ot(NS t ON Olt;n l'llo ftf\Tti:i0t11 . DMAXC200 i o IH.,OO lo U0TC50(Jj COM ~ 
Ott.I(NS JON 0 1 12001 ~ o -.AXt 20tU COM 10 
0 T"4ENt;, J ON TOHA.: C?nOl o TOI2'011) , TOU .. )((I00) • I VHA.-.1?00) COM l2 
01~£N~ION ·VI~Oftt , VOTI~UOt . V><AX1l001 · •1'001 COM 1• 
C0'4MOt4 AtA8 tAC o40• -'f • 4LPHA.thHC • "'O' H(J& , (l), CO · D •OC • UOf COH lb 
COMMON OE PTH•ODoOIA o0[N, Ofiii , Ufrr4A1ollN •00\11 • hf t 010L • 0'11; ,f0 COM 18 
CO!r4HOH F'" of8tf"C ,ro . r"tt.GR o J , 1 TO · IlQC • IAOt J AOC • ~.ItMC .N o NOCU COH ZO 
CO~MON NT•Nl • O •fifl , CtOT.tHtOit.!tOMAJtoOP or>O• P • QtY. SO • TtTDH.AX: COM 22 
COMto~ON tr . t H[lA • llO.lP , fU · Tdi-4A'C, JVf4AX· V• V0' •Vt.tAJt.. vv .wP COM 24 
COI-U40N ;c , x;f ,J(f' , XX C0"4 26 
0~•0111 COM 28 
~V•Vfl t COM 30 
C41 L COEH COM 32 
OfPTH•O I I I COM 3• 
CAt L CIPClf COM 36 
POSITIVE CH•R•CTFRJ~I J C CO~ JA 
CP• 4 z . O*BfTA 1/IV II. • C ALPI--tA• .,.t- r A ) • SC.nn r-1 I 4AlflHA-!:JfTA} •* 2'1 •v I Il•V (I) CO"' 40 

1 • 1-.0•A•RfTA• (,Q /~))l CO~ 42 
NFGAT!Vf C~ARAC TfR I ~T Jf COH 4• 
C"t• C2 . 0•RF"J-.l/ CV 4 I) • CAt PHA • MF'l A i - SLitHF C C l.llPHo1!-8[TA J ••2J •V I I ) •v (I 1 COH ltb 

l • t4 . 0 •••RF I.I* &~/fU)l CO" 48 
UP•CO/CP CO~ 50 
UN•CO/CM COH 52 

C ZNO OQOER I~<TERPilL•TION COH 54 
OlhOC J •1 t *O . 'i•UP~t l iJP-1. I • IJC C) n tJ . o - uPu ttt) • IH 1• 1 i*n . S•UP• CUP • I. J COM Sb 
V~•VC 1-l) •o. c;•IIV• tuP- 1.} • VI I J n I I .-1wo "?l t 'l/ I 1•1 i*'U .~•UI-J* CUt:1 •1. 1 COM 5~ 
Oc;•OC 1-1) •o . 5 •U"'* 1\lt..f-1. l •U« l, * f t .-llPol .. •~l • lll l •' t•O . S•U~• CtJN•l . J COM 60 
IJc;aVC 1- l t •o.S•UN* ClfN·l. J • Vt I Jot11 .-Uto4* •i:' J • Vt 1 • 1 l*O . S*liN• UJN • I • J COK b2 
f rP•AC•CP·- RC COM 64 
•r~·•c·c~-~c c~ 6b 
GCP•AR COM 68 
Gri'•AR COH 10 
srP••r•cP co~ 72 
SCM• A£ •CH COM 7~ 
TCP•FCP•OQ•(jC,,.V~-SrP•U T /(f.' COt.! 16 
TC .. •fCioi*Oc;• GCtot•vc;.- crtot•O J /l'f>i COM 78 

C YFI OCI J'( ANO H£PTH Al fNI} ttt T 11'4f INTF HV-1 COM 80 
1Jpa (F'CP•T(H-(C"t• H"V,/CFCP•t;l t4-f t,;H•t~V) CO-M 82 
OP•ClCP•G(H• lCH•t;CP)/ff"CP•r .. nA-f(W•<,cot COH 84 
I f COP-O . ~?•OIAt 70• l0 oln COM 8b 

10 Wllllf (6 t qO J Hl !ol CON 88 
GO TO ~0 COM 90 

20 OFPTH=nP CO~ 92 
CA l L C II!CI F COM 94 
QOTiltE••VP CON 96 
On Til I :OP COH 98 
VOl Ill •VP CllM I 00 

C MAIC 0£PTH• ~fLOC I f Y• ANU UJ'\r•-4-.fl(.t . , .. II) lttt Il-l A~SOCU,IfO ltHES COJ4 102 
l r IDO!I TI-()ItU(III 4n • • n , JP CO~ 104 

30 UMAX l i!=O~TIII COM 106 
rn~AXtt)~J co~ 10~ 

4 0 l r IYOTIIt - VIIUtlll 60 · ~0 . ~<• CON 11 0 
so v~AXtlt~vnTliJ co~ t12 

TV"'iAXfll •T COH 114 
bO l r IOOTI II-OMAXI I II Rft . Hft o iO tOM 116 
10 OMAXIII=Onllll COM 118 

TONAXIT)•T COM 120 
AO RrTURN COM 127 c----- COM I Z• 
9 0 F'n~HA T <• t tOlll 1c;, fULL Af c • ~ . rt . ? . ~ t • ••t#\, 2 ) C.OJ!t 126 

END tON 118 

SUBROUTINE FOR COHPIITING CXlEFFICIENTS lN ORDINARY OIFFEREliTIAL EQUATI ONS 

SUA"OUTINF CO£FF 
C-----COHPUUTION or All tOErfiCIINT!' Of Tt<t IWO P ARTI Al. O l rtf~tNTIAI 
C-----tOUATI ONS 

Ollo4tNS ION OISOO it OOT I;;t)Q) . 01<4A~ fZOO t . UI.,OO I• OOTt '>UOI 
DI~[NSION 0112001• OHAX I?.OOI 
0 1NENSJON J OMAXC2001 • TOfZOf\l • lil"fo1Xf;{001 • fVt.tAX(.?00) 
01M[h:SION V(SOOl t VOT cc;oot • YNA A. C7C#O I • lC~O O t 
cnwMON •· &R • ac.ao -•r · •• 1-'HA . .... wr • '"''htif't a , cu. co. u, IJr , our 
CONM()tl OEPhitOOt OIA t 0J..,, t>f1 . Ul4 .. X , f)tJ . OOur t UT t O TOt. t DX t ED 
CnMMON r . n~,F'C tf"OtfNIJ, (;~ , I• t lO • 1 TOC • I .. O • IAilC t J t HC . N , NOCO 
CONHO .. NT t N l•O t QR , OOT t 01 t (l)l•h0t.1AX •OP t UO t ~ t loO'[Y , SO , r tl UHAX 
CONHON TFtTHETAtT IO•T P , TO · lOH~~ · lV"fAX , V• VOl tli1<4~X. vv ,w~ 
CONMOH XtXE t Xr,~X 
DFPTH::.nO 
CAlL C IRCI. £ 
AI •A/fVV•q ) 
0 1•1 , 0/YV 
A'•ALPHA•VV/Git 

8?•R£f A/GP 
C ~fYNOLOS NUMAEP 

RF'Y•YV•R/f'NU 

C rRtCII ON rACTOP 
F'af'H•REl'••fC 

C (NfAGY ~LOPE 
Sr a .l 25• f•vv• vv/tQ•GRI 
E?•SF-~0 
AR•A l • A2 
AC•Al-42 
AO• ... A2• Dl 
Af •Al• £2 
8C••8Z 
8 0•- A2•Dl 
ArTUAN 
E NO 

SUBROUTINE FOR CONI'UTING HORNAI. DEP111 

cor 
COf 
COt 
COF 
COE 
cor 
cor 
COE 
COE 
COE 
CO( 
CO( 
COE 
CO£ 
CO£ 
COE 
CO£ 
CO£ 
COE 
CO£ 
CO£ 
COE 
CO£ 
COE 
COf 
COE 
CO£ 
cor. 
cor 
COE 
cor 
COE 
COE 
COF 

~IIRAOUTIN~ OHOQH ONO 
ll !NFNSIOii 015001 , UMI50nl , O~U I~O&I • ubnOi • 0011~0111 IJNII 
OtNfNSION 01!2001• OI<A1 1?001 ONO 
0 JN[ NS10N TDHAXf ?OOl t lOf lO~I · Tr.lfiAXI("OUI • TVMAXI?OUJ ONU 
O lt-tfHSJON Vt500) ' VOlt';Of)J • V~AXt.lttOl t Ji, l~tHJ) 0~0 
CQ-.eHOH A t OR,Ar , ~O .AF:: . Itt YHA . o4 t HC' oHJl . HF 1 &oCtt . CO • ll t lk'" . • llOI ONO 
COMM'OH OFPTHt OO . O I A oUititUM , tl'4At .nu . oon r . 111 eOl(ll t OY efU 0Nf) 
Cn'4MON FtfR t f'C, f'O• fliO • ftk • l t l TO o llliC • I\U• JJOC• J • MC . N tNUCtl 0..,0 
CONHON NltN I , o . QQ , ()01 · 0 1 , t) ( U oO .. A.C. • Ui-> • UO oW , U[Y , 'iO • r • lUP4il l ON() 
CONHON ff oltif I A, f tn.lP . Tl'h ltJ)4AX t I VH*X • V • YHt , Vt.IA( • VV nW' ONO 
COJoiMON X • '(£ t X( , JC :t ONO 
OfPfH•n . 6 2*1JI A ONO 

10 C•LL CT RCI.£ IINO 
V'/•00/ A ONO 

C AEYNOI.OS "'IMBER OHO 
R£Y•VV• RIF'NU ONt) 

C rPICTIOH fACTOQ ONO 
faFR• pr.v••rc f>NO 

C NFWTON- RAPHSON llNO 
DN•0£PTH- IWP• tr• (l)Q••z l ) I Ut • •(,,,t~t'\(1• (RtHII t') • A I l/ t l) • O*tll /~-2 • 0/S J Nr f ONCl 

IIHFTA/Z . OII UNO 
I f I A8,riDN- O(PTtU-OTOII 30o?n• l0 ('N(' 

20 OfPTH•ON ONO 
GO TO 10 UNO 

3 0 IIFTURN ONO 
~~ ~0 

2 
4 
6 
A 

I O 
ll ,. 
16 
18 
zo 
Zl 
24 
26 
211 
30 
JZ 
34 
36 
38 
40 
4 2 
44 
46 
~8 

so 
52 
54 
S b 
58 
60 
67 
64 
61> 
6A 

z 
4 
b 
A 

10 
ll 
14 
16 
IR 
20 
Zl 
Z• 
Zb 
28 
JO 
3Z 
34 
3t-
38 
4 0 
4 2 
.4 
46 

'" so 
sz 



.t> 

.t> 

SUA ROUTINE FOR COMPUTING UPSTRENI BOUNDARY COHDITION. 

SllflJ.IOliTI NF 8011Nnl 801 
r --·--Co~PUTAT lllN or Vf.l OC:IT Y A1m flFPHt hlW x~ o .. o AT THJ. r iMf_ 1 ROl 

UI~[NSION 01500 1, OOTI~tiOJ, O~AXI~~~ J. fJI,nOI• QOf( SOOJ HOl 
HtMf.NS ION Ol (200) • O~JU ~20tH tJOl 
0J"'H fSf 0N T0"4AXf200 I • T0120nJ , TU~A11;'00J• TVMA.li ?OOI 801 
OI~(N~(ON VISOOJ t VOlC~POI , VkAXt ZROJ , AI~OU I 801 
COMMON AtARt AC tAO . Ar •AI PWA ,.n , RCtt4tt.~E.IAt tU,CO,OtOrt001 801 
COM140N OFPTHt tlO• O IAt0Hh iJ~~'•tlt4hX t llN , OOi ll• OT • OlOL • Ut ,fo l:tOI 
CO"'MON t , F"R , fC ,ro tfNU o m~. 1 • 11~' • 11 nC: , J XOt l .(U( t ..,ltMC,NtNOCO 801 
COMMON NT t Nl t O , DR • QOT • () l . ()) N t ~JI.1AX oUf.l' t iJtltf.f • H(T , S O , I , TUt1AX 801 
COMMON TF, THF.:l A, T JO, lP . I fl. J•)HA). .lVKAJltV . \10 1, VMA.C.tVV tWP' 901 
C0"4HON XtX[ t Xf tXX 801 
CAL L I NflOI 801 
OfPIH~Ill ll 801 
CAll C!RCLF. 801 

C NF~ATIV{ CHA~•C itRI ~1 1f HOI 
CH~ {2 . O•H£1 A) /IV 11 . • t AL,P~tHHf.: l "-l-SI)"' IV It IAI PHA-ti[ TA) act2 ) •V I l) •V ( 1 S 801 

l • (4 . 0•1\•Rf"T A•t;JUH))) 801 
IF ICHI 10.20 .30 801 

10 UN: CO/CH ~01 

C CNO OROER INTfRPOI.,\1 I ON f'OR l)f ~Hi ANO V(LOC ( r Y 801 
OC:.=OC 1) •o . S• U.N• I UN- 1 . ) •OI ~l• ( t .-u~~Ut.'l • fll U•O . S•UN• fUN• t . ) 801 
Vs:V ( l) •o.S•UH• (UN-1 . ) • V (2) • ( • • - IJ"{••l l •V I.H •O . S •UN• tuN• \ . ) 801 
GO TO 40 801 

20 KC:.• X Ctt 801 
0~=0 II I 801 
V~=V III 801 
Go TO 40 801 

30 QQ=OI N ROI 
CALL OCR IT ROI 
OP•OC 801 
GO TO 80 901 

40 Oll~Oill 801 
VVeV II) 801 
CALL COEfF BOI 
FCH=AC•CM•RC 80) 
GCMsAA 801 
SCH•AE•CH 801 
ASMALL~OS• ISCM*C:M~OT-GC:H~'VS)/FCH 801 
BSHALL&•OIN•GCHIFCH 801 
OP!•OIII BO I 

50 R0•2.0•0P1/0 IA-l.O 801 
OFPTH•IlPI 801 
CAl l CIRCLE 801 
FO~tsOPl •AS~ALL-fASH4Ll/ Al 801 
fOPtP~t . O• C~SHAll/A••l l 0 I CO l A• I l . 0 - CO"it llli£TAl 112.0 ) o t 1.0/SORTf C l.BOl 

IO - R0••2 1 I I 801 
C N~WTOH·RAPtlSON l1EH1 10N 801 

OP?•OP I•fllPl/fOPIP 801 
If CABSfiOPZ-OPll•OIOL l 70 , 70 . 60 801 

60 DPi •DP2 801 
GO TO 5 0 ROI 

C [NO Of NEWTON-RAPI<SON !!01 
70 OP&OPI 801 
60 IF CDP-0,82•D)A I IO Q, qo ,qo 801 
90 WRITE 16.1701 XIII• T 801 

Go 10 160 801 
100 OFPT H: OP 801 

CAll CIRClE ROI 
VP•OIN/A 801 
DOTIII • OP 801 
VOTCI I :VP 801 
OOTII I :OIN 801 
MAX O(PTH• VFLOC ITY• lNO I)J'iC•t•wc;[ , ANO TH£ IR ASSOC IATfO Tlt1ES 801 
IF IOOTIIl - DHAXCII ) l20d20•11 0 801 

110 O~AX CII=OOT III BOI 
TOt-4AX tl l•T BOl 

120 IF CVOTC II·V'IAXIIll 140d40 · 130 BOI 
130 V~AX III•VOT I I I 801 

TV~AX lll •T 80 I 
140 If COOTIII•OICAXIIII l bO.IoO• l S O 801 
150 0~6XII I •OOTII I 801 

TQ'IAX II I •T 801 
160 RfTURN !!0 1 c----- BOI 
170 FOQMAT I • FLOW IS FULL AT X • •,f7 ,2.• l : • ·f6 . 2l BOI 

ENO 801 

2 
4 
6 
8 

10 
12 
14 
16 
18 
20 
22 
2'o 
26 
28 
3 0 
32 
34 
36 
38 
40 
42 
44 
46 
48 
50 
5 2 
54 
56 
511 
60 
62 
64 
66 
68 
70 
72 
74 
76 
78 
80 
82 
84 
86 
88 
90 
9Z 
94 
96 
98 

100 
102 
104 
10 6 
108 
110 
112 
114 
lib 
118 
120 
122 
124 
126 
128 
130 
132 
134 
136 
138 
140 
142 
144 
l4b 
148 
ISO 
152 
154 

SUaROOTINE FOR CIJ.IPUTING DOWNS'TIIE.IM BOUNDARY aJI!OITION. 

SUR FlOUT J Nf ROU~02 BOI? 
01"4( NS J0N 0(1500) • OOT {5Ufl lo U""AXC7110l o Qfi)QOi t tJDTC5001 BJlZ 
D!Hf.NS!ON Ill 12001 • ll14AX 17001 110?. 
OIHENS ION TOHAXIZOOI • !1112001 • TllHA•I~UP I • J VMAX I>OOI R02 
Df~ENSlON Y ISOOI~ VOTI~OOl . ~MhX I~OO) . ~~~00 ) R02 
COt.4HOt\l A. t AM.,AC, Af), Af,AI Pt-tA~ •t,ft( ,~o:m,fif TA , CU t CO,Ot DC' t OO T tt02 
COMMON Of.:PTH•OO tOI A•OINtUH,UHAX,I)N, OOuf,OT.OTOLtOX t[O 802 
COH~ON F •FB,f'C tf'O,FNIJ,Gf.tt I, (TO , J TOC• J X.Ot J).OC tJtNC , NtNOCO H02 
COt4MON NT •t.ll•Q,Qf'tOOT tOI,O t~,Oir1~X . Q)J ,t'UJ, ~.~f'rt SOt T, TOMA• '802 
COMMON Tf' t THETAtliO• TP •10• tl'l.-A X, TVMAJC, V t VIJT , V"'AJ. tVV t WP' 802 
COt.tHON :<tXftXf'tXX A02 
0f.PTt1=0 I Nil t102 
C•LL CIRCLE ~02 
PO~ITIVE CHARACTER! S ilf 902 
CP:. ll, O•Rfl 4) I CV IN I J • f AL" HA• AFT Al t ~~~k'Tf I I C IILPHA- Rf=' TA) ••?J •v IN l) • V C 802 

JN) l • u .• o•A•BET A• GRI6) I l A02 
UP&COJCP Bill 

C 2ND ORDER INTERPOLAihJN fill~ OfPl H ... n V~LOC ITY RO?. 
OR:~:OtN-1 I • o,S•UP• fUP-1 .) • I) ttl) u ( 1 .-UP•~l ) • ll lNI) • O . -;•uP~ CIIP•l,) RO?. 
V~•V (N•l) •o . ~•UP~ ( lJP-1,) • V ( Jf) * ( t .-u.,• v~) • V Ctll) •O . 'i•UP• I UP •t.) 802 
DO:O IN!) 802 
VV•V IN I I 802 
CAll COEFF H02 
fCP•AC•CP• 8C R02 
GCP•.A8 802 
SCP•AE• CP 802 
CSMALl :;;OR- I SCP• CP• Ot -tl('P•~Vl.fl IF (;P 802 
OSHAlL••GCP/fCP 802 
OPI •O lOl ii 802 

10 Rr>•OPI•2 . 0/Il i A•I. O 802 
OFPTH•OPI 802 
CALL C I RCL£ R02 
GO TO 120•301 • MC 802 

20 F'O=CO• OPI••EP li02 
rOl:CO•ED•OPJ• • (fO~ l . O I ~02 

U• F'O/J l:t02 
fOPl~OPl-CSHALL-O'i,..ALLctiJ 802 
THFTA2:THFTAI2.0 ~02 

D•OO• COI A12.0J•( ) . O- CO'if f t "• f Ail •tJ ,OISO~lF I I . O-~n••21l 802 
Ou£10: t CA,•r o 1 ) - (FO•OAOO • I I C 4•A. l 802 
GO TO 40 802 

30 u~sQRTF IGR•A/81 802 
FOPI •OP I · CSI'IAU·OSM•l t•ll R02 
THFT A2=THf.T A/2 , 0 902 
01100: 12./0IAI• ( 1 . OISOIHF' (I .. 0 - WO* III?) l • II • 0/lfl • ( t Ui A•*2• I I . 0 -CO<;I" CTHt:l02 

I ETAl ) )/ U~.o•BJ- «A• 1n1 /412 . IJ I • CO")f ( fHf I tt; l l IH•*2 ) I S02 
40 F OPt PzJ . 0-0SHALL .. Ottnn fl02 
C NFWTON·RAPHSON ITER AT I ON 802 

DP2:0Pi · FOPI/f0PI P B02 
IF IA8Sf' IOP2•0PII-DTOLI hO , hO ,SO 802 

SO OP I ~DP2 802 
GCl TO I 0 R02 

C ENO Of N[ WTON• P 4PHSOtl 1!02 
60 DtPTH=OP2 802 

If' C0£PTH-0,82 •01A J H0.7fJ • 7 0 802 
70 WRITE 16dAG I XUI• T 802 

GO TO 170 1!02 
1\0 CALL CIRClf 802 

001 INI I •OfPTH 802 
GO TO 190.)00 1 , HC 802 

90 QOT tNl ' •CO•OEPP-t••EO 602 
VOT IN! I :OnT IN! I /A 802 
Go TO II 0 802 

100 VOT fN] ) =SORTF" IGR•A/R) 802 
QllT lNI I =VOT IN il•A 1102 

C HA.X OEPTHt YELOCJT'rt 1\NO Ut C>CIMJ.tG£. ANH THFlN ASSnCJ Aft O TIMES 802 
110 If IOOTINI >· DHAXCNIJI J30• UO.J211 802 
120 O"AXINJI•OOT INil 802 

TOM AX CHi) • t 802' 
130 IF IVDTINII · VHAXCN III 150d'>Od40 802 
140 VMAX INII •VOTI NII 802 

IVHAX INII=T 802 
150 If IQOTINil·OMAXCNI II J 70,)70,1M 802 
160 O~AX INI I &00TINI I 802 

TOM.AX IN II=T 802 
170 RFTURN 902 c----- ~02 
180 f()JU4AT I• F'LOW I S nfl l AT • z: • ,F7 . ?. ,., l z ••F'I\ , 2) R02 

~w ~2 

2 
4 
6 
8 

10 
12 
14 
16 
lA 
20 
22 
24 
26 
2~ 
30 
32 
34 
31> 
38 
40 
42 
44 
46 
48 
50 
52 
54 
56 
58 
60 
62 
64 
66 
bR 
70 
72 
74 
76 
78 
110 
82 
t\4 
86 
86 
90 
qz 
94 
96 
98 

100 
102 
104 
106 
108 
liD 
I 12 
114 
Ill> 
lid 
120 
122 
124 
12b 
128 
130 
132 
134 
136 
138 
140 
142 
144 
141> 
1411 
)50 
152 
154 
156 
158 



~· VI 

SUBiiiJUTJ~C R!R OONI'VTih'G GIDCETRIC PAAAI!En:RS OF CIRCU\.\1< SEQ4EJI'T 

SUAROUT IN!: C IRClE C fR 2 
OJMfNS ION 015001 , nnt tSOOI , D~4·1~w~l . 015001 • QOTI~OUI C I R • 
0J~£NS J0N ll l li'OOI · D>'UI?OAI C IR 6 
OJMf'NCiJON TO.HAX.Il00) • TOC2'0U l • Jl')ttA.l(?OU, , TVMAXI>OOI CrR 8 
0JMENS}0N V1500) • vnT C ~OOl t VMA• tznn ), ~ C~~\ 0 1 CIR 10 
Ct)MMON j\,aR, AC t40 , A[ ,AI P'IA otlo i1C • _..I) ,R.fiA,('l), CO , O• Dr ,oor ClR 12 
cn.-MON OEPTH. no. ota. o a.r.OM . •hta,.nu , ,,ont . u l. n·rrn .u~·lO ctR J4 
CO'()I~ r .rtt . FC . F"O, rMU etlN t l • lTlh liOl" • l-"'h I XHC• · ' ' "'C . N t NO(.;.O C IA' lb 
COWJION NT . N lo O t OA•00 ltOI · OJl4, f)t4AX • lN •h0, Wt tllY ·C'iO t f t10HA) C I R 18 
Cnii(MON Tf"tlH(TAoT IO·t~ . ln • l•l't'• • liWttA •• V . YOftVfltA.Xt VV ••P CIR 20 
COII(MON Xt~(.Jfo~X CIR 2Z 

C Tfq Tn ~~~HRf OfPTH I. FS~ T•<A" O. K? O!A. C!R 24 
If IOF.PJIU IO oi'II • IO Clll 26 

10 WO ll( tb d OOI Clll 28 
CAtl E:>ll C I R 3 0 

zo If CO£PtH-0.82'•0JA) 40 . .. 0 ~ "'\0 Cl ll 32 
30 WA!TE 11> • 1101 C IR 34 

CAll Hl1 Cto 36 
4 0 If IOIA/2 . 0-~EPTH I ~· · ~0 . 70 C I P 38 
so 1HflA=l .l41 59 C l R qO 

Gn TO qO CIR 42 
C Slll>l(Nflfi.O ANiiLF C IR 44 
b O lHfTA:f-.. 7.A3lfl- ? . O•&T A.Irrlf' ( CSOIJtf CUtA•IlFYTH•Ilf~Ht•OEPTH) l/IOEPfH-Oii/CU~ 4& 

12. nn C!l! '8 
GO TO qo C I Q 50 

7 0 1UF 1 A:? • O*At 1 ANr I t "OHTF'" (I) J A41UEf.J TH- tl .. P11i•tlff' Hil l /I 0 I A 12. 0 - 0 [P rtH J C I Q 52 
IF'" CTHFTA ) AQ ,qQ ,~O C lR 54 

~0 IHFTA=~ . 2~3 1 B •TH(IA C IR 56 
C Apf"A C IR 58 
qo A~~:O . l?t:i•CTrtf"l-'-<;,tHf'U'irTAIJ•(U1A••7J C l~ 60 
C Wf TTEO PERI Mfl fR C l R &2 

WP: C01 A/?.. ftl*l~~fA CJR 64 
HYORAUI I C PAOf(" C lR 66 
R•41WP C tQ 68 

C SII.PfACf wtnTH C t Q 70 
~•OIA•~JNFIIH>l~/2 , 01 C I R 72 

C HYORAIIl i C OEPIH C l ll 74 
O"=AIA C IR 76 
wrn•R~ cr~ 1a 

r---·- C IR 80 
tno F"OPM«~T (' l'lfPH i 1" r-:rr.hT IVf•l C J~ sz 
110 roQMAT C* fLOw l~ FI~L•J CIR 84 

l'ln C I R 86 

SI:6ROUTINt FOR CGO'IITING CltiTICAL D£Pnl 

SUPROU1 I Nr I)CU IT OCR 2 
OJMFNSION ntsGo), l"ntcc:.: no, . nMII."c tnnJ , oc~no1 . OOTCSOOI OCQ eo 
Ol .. fN~ION Q l 120 01 • llt<4X< ?OOI llCR 6 
OtMf.NSION 1(»4A)'I ?,.OJ • Tllli'O'.Il • 1 U'4A.C C700J • TVMAX C.itOOI OCR 6 
Ot~EN~JO~ V(SdOJ • VOl i ~U'II o V~ AA I 2dOl t Xt~nut OCR l O 
CO"tl40t.l A · AA .A( . AI)..t.f o AI ... '1&. H . ... ( , oot"' , hi"IA oC iloC0• 0tflC" • Oilf OCR 12 
CO"fi40N O(PJH •hll · 014 • llltl,•~r.l' • • •'4-" • , ., • ., , t..O:It .nt . f)IUL t OY. fl) OC:R 14 
COMH()N F o(O , ( f' .F(l ,,. N11 . r.W o l •l lll • II \IC · t .Co · f A.UC oJ o"'C,tltNUC0 llCQ 16 
("Ot-IHON Nl otJl . !J • Cli1 • Q!'l1 · tl l• fJ 1 'f oU'o44 A• I'JI • UI'l o"4 t ""f Y t SU • l • lOMAX UCR 18 
CO~~ON TF oT Hfi A . II Oot O . ID o t O~A Xo fV~4 \ o V • ~UltV~A~•VV tW~ OCR 20 
(.0'4MON ll• 'tY • u · • ~X IICR ZZ 
DfPIH~u .~)•OIA OCR 24 

I 0 t All C(RCI f OC~ 26 
C ~fWTON-NAPh~~ OC~ 28 

0C:;:f'J£PJH-. R• U.• .. :-l - AL PtlA• f l•t••••U "•c' J /Ct~ 1/ C ', O• I ld•A. J • •(') - (~ . O• ( A••OCR 30 
tJJ•C:osr ct..,fi At? . OJt / t '\ 1'·11 ctnrt" ' "·'•••• ncu 32 

IF (4R"'-f"tnC- Ofi>THI-tl f fl l I :l;) • 20 . 2 U OCR 3 4 
20 orPTH•nc oco J6 

Go TO 10 OCII 311 

10 RF ""'" ocq 4o 
[NO OCR ~2 

SUBROUTTNE FOR CDNPUTINC INFLOW HYlltUORAPH 

SU"ROUIINF: INfLOI 
c-----co~Pur•rtOH or THE tNrln~ ~•o~o~~·~h 
C 0T~CH4QG(c;. AT JqRfC•ULAQ ll"f 1.,11£1ol11Al Ci 

Of~ENStON llfli90 1 • DI\T lSOOI• Ot>'IAl Cbl OJ • uCSOO l • OOTCSOOJ 
DJ~[N~ION 0112001 • ~~4X I?OOI 
0 J14ENSION TDMA.IZOO) • TO f~OO) o TUi1A .. t.I"DnJ , TVt.tAXC.IO()) 
Ottrt£NS TON Y tSOOI ~ Y'lT ("~OlU o V~oi!AXC7001 • J. t~110 J 
COiotM0+4 A. .. AR••C • 4 0 • •r • 41 v.u . u , HC o11U • .. f TA t CU. CU olh ()(' , llUT 
C0'4.H0 N OEPTH • 00 • 0 1At01N ol'l .. , llt4A\ . •.., , umll •lt l . rnnt. • O•o(O 
CoHM()N f tf"A ef'C . F'Otf-.. , t;~ . I , t lOol lOC · 1 JUh IXt.lC t J tP'IC , H •NOC:.n 
COJr4Ji40 N NT . t-tl , Q, f')tf , ()Ol t O l•UJN, Ot.tA\.tUP • IJlk•H • IIFY • S'h1' • Jl)"'lillt 
CllMMON Tf · THETA t TI O.tD . lO .. JHMAXt l'f''"'AII. . V·VOI,VtiA(t UVt WP 
COMMON ~.xr~xr , ~~ 
A.J•J 
l•CAJ-t . Ot • OT 
IO•I 

c INTER'PnLATIOJ" row RfGut AQ tl '4~ J P~~HHVI\L~ 

If tT ,r.E . TOI>iOWII )0 , ?0 
1n Ot N•OtfNQCOl 

GO TO SO 
20 IF" CJ , (i[ , TOliO • • A~O . T . tT .ltJCI•hiJJ .. n • • 1o 
30 Jn•IO•I 

GO TO 20 
itO OJ N•OJI tO) • 10 1 C 10 • 1 t -Ol t J fU 1 • CT - 11')1 10l I It 10( IU•l J -t tl( 'Ot l 

GO TO 50 
50 RrTURN 

[NO 

!Nf z 
INF .. 
JNf b 
I NF 8 
(Nf 10 
!~f 12 
l~f , .. 
INF 16 
INF II< 
INF 20 
l~f 22 
INF 24 
INf 26 
INf 28 
INF 10 
JHI" 32 
I NF 3• 
INf 36 
I NF J~ 
!~F 40 
INf 4 ? 
!Nf 44 
(Nf 46 
I NF 4H 
['IF so 
I Nf 'i2 
I fir 5 4 



~ 
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A.3. 3. DEFINITION OF VARIABLES 

NAN( Off" IHI 1 lt\frf ST.-llME"NI NUM•lf_K(SJ 

._ APf A nr CtRCUt AR ~Fr..Ht "1 ("I~ 60 
Aft C;tl CUf '>4 
AC 171 rot s~ 
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Key WOrds: Finite-Difference Scho~es, Unsteady Flow Equations, Hethod of 
Characteristics, Numer ical Solutions of Differential Equations. 

Abstract: This fourth part of a four-part series of hydrology papers on flood 
routing through storm drains presents the computer-oriented numerical methods 
on solving the quasi-linear hyperbolic partial differential equations known as 
De Saint-Vcnant equat ions of gradually varied free-surface unsteady flow. Formu­
lation of various numerical finite-difference schemes either explicit schemes 
based on the two partial differential equations, unstable, diffusing, upstrolllll 
differencing, leap frog, and Lax-Wendroff or the specified intervals scheee based 
on the aethod of characteristics is analyzed. A coaparison between the specified 
intervals scheme of the method of characteristics, the Lax-llendroff scheae and 
the diffusing scheme is discussed. Flow charts and computer programs for these 
various numerical methods are given in the appendices. 

Reference: Yevj evich, Vuj ica and Albert H. Barnes, Colorado State University, 
llydrology Paper No. 46 (November 1970) "Flood Routing Through Storm 
Drains, Part IV, Numerical Comput:er Methods of Solution". 
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Abstract: This fourth part of a four-part series of hydrology papers on flood 
routing through stono drains presents the computer-oriented mmerical methods 
on solving the quasi -linear hype.rbolic partial differential equations known as 
De Saint-Venant equations of gradually varied free-surface unsteady flow. Formu­
lation of various nuaerical finite-difference schemes either explicit schemes 
based on the two partial differential equations, unstable, diffusing, upstream 
differencing, leap frog , and Lax-Wendroff or the specified intervals scheme based 
on the method of characteristics is analyzed. A comparison between the specified 
int ervals scheme of the method of characteristics, the Lax-Wcndroff scheme and 
the diffusing scheme is discussed. Flow charts and computer prograas for these 
various numerical methods are given in the appendices. 

Reference: Yevjevich, Vuj ica and Albert H. Barnes, Colorado State University, 
Hydrology Paper No. 46 (Novellber 1970) "Flood Routing Through Storm 
Drains , Part IV, Numerical Coaputer Methods of Solution". 
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